Dynamic Subgraph Connectivity with Geometric Applications*

Timothy M. Chan'

April 18, 2006

Abstract

Inspired by dynamic connectivity applications in computational geometry, we consider a prob-
lem we call dynamic subgraph connectivity: design a data structure for an undirected graph
G = (V, E) and a subset of vertices S C V, to support insertions and deletions in S and connec-
tivity queries (are two vertices connected?) in the subgraph induced by S. We develop the first
sublinear, fully dynamic method for this problem for general sparse graphs, using a combination of
several simple ideas. Our method requires O(|E[*/(3«+3)) = O(|E|®%%) amortized update time,
and 6(|E|1/3) query time, after 6(|E|(5w+1)/(3w+3)) preprocessing time, where w is the matrix
multiplication exponent and O hides polylogarithmic factors.
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1 Introduction

Geometric motivation. Dynamic graph connectivity—maintaining an undirected graph under
edge insertions and deletions, to answer queries of the form, “are two vertices connected?” —is a basic
problem in the area of graph data structures. In the same way, connectivity problems concerning
a dynamic collection of geometric objects are fundamental in computational geometry. However,
unlike dynamic graph connectivity, which has been extensively studied and has enjoyed much recent
success with the discovery of near-logarithmic algorithms [17, 21, 32], progress in dynamic geometric
connectivity has been scarce. For this reason, we decide to start our investigation with a simple
version of the problem:

Maintain a set of n axis-parallel rectangles in the plane, under insertions and deletions,
to answer queries of the form, “given two points ¢ and b, is there a path from « to b that
lies inside the union of these rectangles?”

Rectangular connectivity queries have numerous applications, for example, in VLSI design, commu-
nication networks, and geographic information systems. (See Figure 1.) Solving this problem might
pave the way for the study of dynamic connectivity of other objects, and perhaps, tougher questions
like dynamic shortest paths and motion planning.

*A preliminary version of this paper appeared in Proc. 34th ACM Sympos. Theory Comput., pages 7—13, 2002. This
work was supported in part by an NSERC Research Grant.
tSchool of Computer Science, University of Waterloo, Waterloo, Ontario N2L 3G 1, Canada (tmchan@uwaterloo.ca).
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Figure 1: A collection of “roads”. Is b reachable from a?

No fully dynamic solution for rectangular connectivity has been reported even for the special
case of orthogonal line segments. Existing geometric data structuring techniques (notably, range
searching) [2, 29] seem insufficient, because connectivity queries are more global in nature. On the
other hand, although our problem is equivalent to dynamic connectivity in the intersection graph
(where we place an edge between every pair of intersecting rectangles), a straightforward application
of dynamic graph connectivity results would not lead to an efficient solution either, because the
intersection graph can have quadratic size, and an insertion/deletion of a rectangle can cause a
linear number of edge updates in the worst case. (Imagine deleting and re-inserting a segment like
s in Figure 1.) Thus, work on dynamic graph connectivity [13, 15, 18, 17, 21, 31, 32] is only the
beginning, if we want to tackle the more challenging dynamic connectivity problems from geometry.

In this paper, we show that a sublinear time bound is indeed theoretically possible for dynamic
connectivity of rectangles, and in fact, axis-parallel boxes in any fixed dimension d. Specifically,
we achieve O (n*/(3%+3)) amortized time for insertions and deletions, and O(n'/3) time for queries,
using 6(71) space. Here and throughout the paper, the O notation hides polylogarithmic factors in
n, and w denotes the matrix multiplication exponent. The current best matrix multiplication result
with w < 2.376 by Coppersmith and Winograd [7] implies an O(n"%*) upper bound for updates, but
any subcubic method with w < 3 (such as Strassen’s) would already imply a sublinear upper bound.

This result is striking in two respects: (i) the independence of the exponent of our time bounds on
the dimension d, and (ii) the usage of fast matrix multiplication, which is rare among algorithms in
computational geometry. (Applications of fast matrix multiplication are more common in dynamic
graph algorithms, e.g., [9, 24], but the sublinearity of our update bound is still unusual.) In Section 7,
we partially explain why a polylogarithmic solution is unlikely given the current state of the art, and
why points (i) and (ii) might be inherent to the problem itself, at least for d > 3.

Previous geometric work. Statically, connectivity for n rectangles in the plane can be decided
in O(nlogn) time [23]. Agarwal and van Kreveld [3] gave an approach for the incremental (insertion-
only) case that, in particular, yielded an O(log2 n) amortized time bound for orthogonal segments.

For unit squares and unit hypercubes (and thus for near-equal-size boxes of bounded aspect
ratios), a fully dynamic, polylogarithmic method can be obtained by an easy reduction to the main-
tenance of the L,,-minimum spanning tree of a point set, which was solved by Eppstein [12] in any
fixed dimension (using known dynamic minimum spanning tree results for graphs [21]). For arbitrary
rectangles and arbitrary hypercubes, Hershberger and Suri [19, 20] considered the kinetic problem
of maintaining connectivity as objects move continuously according to given flight plans: allowing
a quadratic number of events, we can easily reduce the kinetic problem to dynamic graph connec-



tivity using the intersection graph; Hershberger and Suri showed that the space complexity can be
decreased from quadratic to linear while still supporting efficient updating.

The dynamic subgraph connectivity problem. As we have pointed out, the intersection graph
cannot directly be used for dynamic rectangular connectivity. However, existing geometric range
searching results allow us to compress the intersection graph, using so-called “biclique covers” [1, 14].
Although this technique is familiar, it has not been used in connectivity applications, and in our
opinion, leads to a conceptually cleaner description of geometric connectivity algorithms because of
the separation of geometric and non-geometric elements.

As it turns out (see Section 2), the problem on the compressed intersection graph leads to an
interesting generalization of dynamic graph connectivity, which is not as well-studied but we believe
is equally fundamental:

Maintain an undirected graph G = (V, E) with n vertices and m edges, and a subset
S C V of vertices, under the following operations: insert an edge to F, delete an edge
from F, insert a vertex to .S, and delete a vertex from S. Queries to be answered are of

the form, “given two vertices u, v € S, is there a path from u to v that uses only vertices
from S7”

We call this problem dynamic subgraph connectivity. The difficulty lies not in edge updates to F,
but in vertex updates to the subset S. If each vertex is inserted and deleted only once, then we can
directly apply data structures for dynamic graph connectivity to maintain the subgraph induced by
S; the amortized cost would be near-logarithmic per edge, since each edge is inserted and deleted
O(1) times. In particular, we can therefore handle the incremental (insertion-only) or decremental
(deletion-only) case. However, in general, vertices may be deleted and re-inserted to S as often as we
like; this naive approach would have cost proportional to the degree of the vertex, which can be linear
in n for every update in the worst case. We give a nontrivial sublinear solution for arbitrary update
sequences in general sparse graphs, with 6(m4‘”/(3‘”+3)) amortized update time, 6(m1/3) query time,
O (mB« 1)/ (3«+3)) preprocessing time, and O(m) space.

To appreciate the result, note that existing polylogarithmic dynamic graph techniques [17, 21, 32]
do not work, because the usual “certificate” [13, 24], a spanning forest, can change drastically in a
single vertex update. Alternatively, it is possible to reduce the problem to reachability in a dynamic
directed graph, so that a vertex update can be simulated by a single edge change (by creating two
copies of each vertex joined by a directed edge). However, dynamic directed graph reachability [16, 30]
is computationally more demanding (a main goal there was to obtain an o(n?) update bound).

Previous graph work. The dynamic subgraph connectivity problem has indeed been proposed
before, in a paper by Frigioni and Italiano [16]. The motivation there was on the connectivity of
communication networks, where processors can become faulty and can later go back up; viewed
alternatively, vertices can be “switched” on and off. Frigioni and Italiano used the term complete
dynamic graph model to describe the setting where both edge and vertex updates are supported.
They described polylogarithmic connectivity results for the special case of planar graphs (relying on
separators), but left the general case (which is necessary in our geometric application) open.

How to solve it. Our solution to dynamic subgraph connectivity involves several techniques. Each
in itself is not difficult, and when put together in the right way, they yield the winning combination.



Our recipe includes:

e Processing the update sequence in blocks. Khanna et al. [24] have used this trick to design
various dynamic graph algorithms for offline updates (when the update sequence is given in
advance), while the author [5, 6] has applied essentially the same idea to several dynamic
geometric problems under semi-online updates (when only the deletion times are given in
advance) as well as general updates.

e Alon et al’s “high-low” trick [4]. This was originally developed for the problem of finding
triangles in sparse graphs. We observe how the idea can yield faster multiplication algorithms
for sparse rectangular matrices (see Section 3).

e Precomputing information for high-degree vertices, so that their repeated deletions and re-
insertions would not be as costly.

e Finally, amortizing deletion cost via a standard “weighted split” idea, which is analogous to
the standard “weighted union” heuristic (e.g., see [8, Chapter 21]).

To illustrate the effects of these ideas progressively, we present the algorithm in stages (in the actual
order of discovery), starting with an O(m®®?) offline update method (Section 4), extending it to
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an O(m semi-online update method (Section 5), and ending with the O(m fully dynamic

update method (Section 6).

2 From Geometry to Graphs

We first describe how to reduce dynamic geometric connectivity problems to dynamic subgraph
connectivity. This section is the only place where computational geometry techniques are used;
afterwards, we can devote all our attention to the graph problem.

The reduction is a simple consequence of known compact representations of geometric intersection
graphs. Specifically, any intersection graph of boxes can be represented as a union of “bicliques”
(complete bipartite subgraphs A; x B; over some vertex subsets A; and B;) so that the size of the
representation (the total number of vertices in the bicliques) is near-linear.

Lemma 2.1 Fiz any constant d. Given a set of n (azis-parallel) boxes in RY, we can form subsets
A; and B; of total size O(n) in O(n) time, such that two bozes a and b intersect iff (a,b) or (b, a) is
in A; X B; for some index i. This property can be maintained dynamically: each insertion/deletion
of a box causes an amortized O(1) number of insertions/deletions in the A;’s and B;’s.

Proof: We first consider the static case. The following orthogonal range (or intersection) searching
problem [2; 11, 26, 27, 28, 29] is well-studied in computational geometry: preprocess a given set of n
boxes in a data structure so that given a query box b, we can quickly report all boxes intersecting b. A
standard solution to this problem is the range tree (or a multi-level segment tree). The precise details
behind the data structure are not important here (see the above references for more information).
The main properties to note are that the data structure consists of O(nlogd_1 n) “nodes”, each of
which stores a subset of boxes which we refer to as a canonical subset, and that given a query box b,
the set of boxes intersecting b can be returned as the union of the canonical subsets at O(log? n)
nodes of the data structure. The total size of the canonical subsets is O(nlogd n); the preprocessing
time is O(nlog? n) and the query time is O(log? n).



Figure 2: From dynamic box connectivity to dynamic subgraph connectivity.

To form the subsets A; and B;, we build the data structure for the given input boxes and perform
queries for all the boxes. For each node 7, we let A; be the canonical subset at ¢+ and B; be all boxes
whose query returns the canonical subset at ¢. The total size of the A;’s and B;’s is O(nlogd n), and
correctness is obvious.

For the dynamic case, we need a version of the orthogonal range searching problem that supports
insertion. A weight-balanced range tree, for instance, can be used [26, 28]. Again the precise details
behind the data structure are not important. The main additional properties are that although each
canonical subset does not change, new nodes and canonical subsets may be created, and the total
size of all canonical subsets created by a sequence of n insertions is bounded by O(nlog?™! n). (With
more care, a log factor can probably be saved.)

To update the subsets A; and B; under the insertion of a new box b, we perform a query for b
and insert b to every set B; such that the query returns the canonical subset at node :. We then
insert b to the data structure itself, and for every new node ¢ created, we insert all elements of the
new canonical subset to A; and initialize B; = (). (We do not delete canonical subsets of old nodes
destroyed.) The amortized number of insertions to the A4;’s and B,’s is O(log?*! n).

To update the subsets A; and B; under the deletion of a box b, we simply remove b from each
subset that contains b. The cost of deletion can be “charged” to the insertion cost by amortization.
(If n is to denote the number of current boxes instead of the number of insertions, we need another

standard amortization trick, of rebuilding the whole data structure whenever the value of n is halved
[26, 28].) O

Theorem 2.2 Fiz any constant d. The dynamic connectivity problem for bozes in R? can be reduced
to the dynamic subgraph connectivity problem on a graph with m = O(n) edges. FEach box update
causes an amortized O(1) number of graph updates.

Proof: Given a set of boxes, we apply Lemma 2.1 and define the following graph G: for each box,
we create a vertex; in addition, for each subset pair (A;, B;), we create a new vertex v; and place
edges from v; to all members of A;UB;. (See Figure 2 for an idealized example.) Initially, all vertices
are put in the subset S. Whenever A4; or B; becomes empty, we delete the vertex v; from S. When
both A; and B, are nonempty, we re-insert v; to S.

Each insertion/deletion of a box causes the subsets 4; and B; to undergo O(1) amortized number
of insertions/deletions, which in turn causes the above graph G and subset S to undergo O(1)
amortized number of edge and vertex insertions/deletions.

To test whether two query boxes are connected in the intersection graph, we just test whether
the two boxes are connected in the subgraph of G induced by S. Correctness is evident (if A; and
B; are nonempty, the members of A; U B; are indeed all connected to each other in the intersection
graph). To test whether two query points are connected, we first find a box containing each point



(which takes polylogarithmic time by known data structures for orthogonal range searching) and
then test whether these two boxes are connected. |

Remarks. The above reduction also works in the static, incremental (insertion-only), decremental
(deletion-only), offline, and semi-online settings:

In the static case, graph and subgraph connectivity can be solved in linear time by depth-first
search, so we automatically get an O(n polylog n) algorithm for the box connectivity problem. This
result was known before, as noted in Section 1.

In the incremental/decremental case, subgraph connectivity reduces to graph connectivity, as we
have observed in Section 1 (by explicitly maintaining the induced subgraph). Incremental graph con-
nectivity is equivalent to the union-find problem [8], and decremental graph connectivity can be solved
in near-logarithmic time [31, 32], so we automatically get O(polylog n) incremental/decremental box
connectivity algorithms. (We do not state the precise polylogarithmic bounds, because slight im-
provements are likely possible by a more direct approach.) The incremental box connectivity result
was already known [3], but the decremental box connectivity has not been addressed before.

In the offline, semi-online, and fully dynamic cases, the subgraph connectivity results in Sections
4-6 will imply corresponding box connectivity results, up to polylogarithmic factors.

Other classes of objects can be considered. For example, we can obtain the same results for line
segments that have a fixed number of slopes, by using variants of orthogonal range searching in the
proof of Lemma 2.1.

For arbitrary line segments in the plane, we need to use known non-orthogonal range searching
data structures [2] in the proof of Lemma 2.1, but these data structures require canonical subsets
of total size 6(714/3) instead of O(npolylogn); as a result, the graph in Theorem 2.2 now has
m = O(n*/?) edges, and each segment update causes an amortized O(n'/3) number of graph updates.
Unfortunately, our dynamic subgraph connectivity results are too weak to yield meaningful bounds
in this case. Still, we can obtain an O(n*/3) result for static connectivity and an O(n'/3) result
for incremental and decremental connectivity for arbitrary line segments. This static result was
known [25], so was the incremental result [3], but the decremental result appears new.

3 Fast Sparse Matrix Multiplication

Our sublinear results for dynamic subgraph connectivity will require a time bound for matrix mul-
tiplication that is sensitive to the sparseness of the given matrices. Although obtaining such an
input-sensitive bound is in general an outstanding problem for the standard square-matrix case
(see [34] for an independent, recent development), in this section we note a simple input-sensitive
bound for a rectangular-matrix case that is sufficient for our application.

Specifically, we consider the complexity M (n,¢|m) of multiplying a ¢ X n 0-1 matrix A with an
n X ¢ 0-1 matrix B, where m is the number of nonzero entries per matrix, with m = Q(n). This
is asymptotically equivalent to the complexity of the following graph problem: given an m-edge
bipartite graph with a set P of n vertices on one side and a set () of ¢ vertices on the other, count
the number Clu, v] of vertices adjacent to both u and v, for every vertex pair u,v € Q. (To reduce
the graph problem to matrix multiplication, let a,,, = 1iff b, = 1 iff w € P and v € ) are adjacent;
then Clu, v] = 3, p Guwbwy. Conversely, to reduce matrix multiplication to the graph problem, let
P=A{1,....,n}and @ = {1,...,¢} x {1,2} (of size 2¢), and place an edge between k and (j,1) if
a;x = 1, and an edge between k and (j,2) if bjp = 1; then C[(¢,1), (J,2)] = Yf—; @irbr;.)



We are primarily interested in the case when ¢ is small. For dense matrices, we have the upper
bound M (n,q|m) = O(ng*~! + ¢*), since we can solve the problem by multiplying [n/q] pairs of
g X g square submatrices. To take the sparseness m into account, we adapt a simple trick by Alon
et al. [4]:

Lemma 3.1 M(n,q|m) = O(mq(w—l)/2 +¢¥).

Proof: Consider the graph formulation. Divide P into two groups: Py, vertices of degree > r,
and Pp, vertices of degree < r. Then |Py| = O(m/r). We first set C[u,v] to be the number of
vertices in Py adjacent to both w and v, for every pair u, v € @; this takes time O(M (m/r,q| m)) =
O(mg“~1/r + ¢*) by the dense-matrix bound. To complete the overall count, we can examine each
edge uww incident to a vertex w € P, go through all adjacent edges wv, and increment Clu, v]; this
takes O(mr) time. Setting r = ¢(“~1)/2 yields the desired bound. ]

Remark. There are improved rectangular matrix multiplication methods [22] for dense matrices,
which may lead to slight improvements to Lemma 3.1 for certain ranges of parameters. However,
these improvements do not seem to matter here, since we will eventually select parameters to equalize
the contribution of the terms mg“~1/2 and ¢, and the critical case will occur when the dense
submatrices are essentially square matrices.

4 An Offline Solution

In the next three sections, we present our algorithms for dynamic subgraph connectivity. We begin
by considering the offline case, where we are given the update sequence in advance (or the ability to
look sufficiently far ahead in the update sequence). The approach is simple: we divide a dynamic
set into two subsets, P and (), where P is static and ) is dynamic but small; to keep ) small,
we rebuild the data structure from scratch periodically, after a certain number of updates. Khanna
et al. [24] have adopted this very approach for strongly connected components and reachability in
directed graphs. We obtain a sublinear result in m by, in addition, employing Lemma 3.1.

In what follows, let G = (V, E) be the input graph, with n vertices and m edges. Without loss
of generality, assume that m = Q(n). For clarity sake, we focus only on the more difficult update
operations, i.e., vertex insertions/deletions in S; edge insertions/deletions in G will be treated later,
in the remarks after Theorem 6.2.

Lemma 4.1 Given a static subset P C V and a static subset Qo C V of size qo, we can design
a data structure to maintain a subset QQ C (o, where preprocessing takes O(mqéw_l)/ ‘4 qy) time,
updates to Q) take O(qo) amortized time, and connectivity queries on the subgraph induced by P U Q

take O(qo) time.

Proof: We first compute the connected components of the subgraph induced by P in linear time
by depth-first search [8]. Our data structure consists of three parts:

o We form a bipartite multigraph I', with the connected components as vertices on one side and
V' as vertices on the other side: for each edge uv € F with u € P, we place a corresponding
edge vv in T' for the component 7 containing u. The O(m) edges of I' are stored in a dictio-
nary [8]. (For example, a balanced search tree can support updates and lookups in O(logn)
time; alternatively, hashing can support these operations in O(1) randomized time.)
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Figure 3: Overview of the data structure.

e We precompute and store the following values

C[u,v] = number of components adjacent to both w and v in T', (1)

over all w, v € Q. This preprocessing step takes O(mqéw_l)/z—l—qg’) time by applying Lemma 3.1

to a bipartite subgraph of I' (with Qo on one side and edge multiplicities ignored).
e Finally, we maintain a small dynamic graph G* over the vertex set (), where for every u, v € @),
wv is in G* iff Clu,v] > 0 or wv € E. (2)

(See Figure 3.) This graph is stored in a polylogarithmic data structure for dynamic graph
connectivity. (For example, Holm et al.’s method [21] can support updates in O(log?n)
amortized time and queries in O(logn/loglogn) time; alternatively, Thorup’s improved
method [32] can support updates in O(log nlog®logn) randomized amortized time and queries
in O(logn/logloglogn) time.)

Insertions/deletions in Q: To insert a vertex u to @, we simply insert edges uv to G* for all
v € Q with Clu,v] > 0 or uv € E. To delete u from @, we delete all edges incident to u from G*.
For |Q| = ¢, this requires at most ¢ edge updates to the dynamic graph connectivity structure for
G* and costs O(q) amortized time.

Queries on P U Q: Given vertices u,v € P U (), we want to test whether v and v are connected
in the subgraph induced by P U Q.

o EASIEST CASE: u,v € ). We can simply test whether v and v are connected in G*, in 6(1)
time by the dynamic graph connectivity structure for G*. Correctness is evident (if there is
a path connecting « and v in the subgraph induced by P U @, then the path must alternate
between some vertices of ) and some component of P, so there must be a corresponding path

in G*).

e HARDEST CAsE: u,v € P. Here, we first find the components ~, and v, containing u and v.
We then find any v € Q with y,u’ € I and any v' € @ with 7,0" € T by performing O(q)
dictionary lookups in 6((]) time. If u’ or v’ does not exist, the answer is no, unless v, = 7,.
Otherwise, we can just test whether u’ and v’ are connected by the previous case.

The remaining cases are similar. |

Theorem 4.2 We can design a data structure to maintain a subset S C V under any offline

update sequence, where preprocessing takes 6(m2"’/ ("’"'1)) = O(m'*) time, updates to S take

6(m2£‘”_1)/ (wt1)) = O(m®®2) amortized time, and connectivity queries on the subgraph induced by S
take O(m?/“t1)) = O(m®%) time.



Proof: At the beginning of each block of ¢y updates, we set Qg to be the vertices involved in the
coming qo updates, set P = S\ Qo, set Q = SNQop, and rebuild the data structure from Lemma 4.1.
Updates to § are applied to ), with amortized cost

w2
O (—m% Rak (Jo) ,
4o

which is asymptotically minimized by setting ¢o = m?/ (@1 Queries can be answered in 6((]0) time,
since S = PUQ at all times. O

5 A Semi-Online Solution

It is perhaps not surprising that an offline problem can be solved more quickly by batching and
performing fast matrix multiplication. It is interesting, however, that with more effort a similar
strategy can lead to a fully dynamic solution to our problem. Although we cannot predict which
vertices are about to be inserted in advance, we can concentrate preprocessing on vertices of high
degrees, since these vertices are the costly ones. To obtain a sublinear bound, we now have to rebuild
the data structure more frequently, as the setting of parameters becomes more delicate.

Before describing the fully dynamic algorithm, we consider the semi-online case [10], where we are
told when a vertex will next be deleted at the time it is inserted. Because of the extra information,
we can force all deletions to occur in the small subset @, thereby ensuring that P is static (see [6]
for more examples of this kind of dynamization).

Lemma 5.1 Given a subset P C V and a parameter o < m, we can design a data structure to
maintain a subset Q CV of size q < qo, where preprocessing takes O(mqéw_l)/ Eus q8) time, updates
to Q take O(mq/qo) amortized time, and connectivity queries on the subgraph induced by PUQ take

O(q) time.

Proof: Set Qg to contain all vertices in V' of degree > m/qgo in I'. Then |Qo| = O(go). As in
the proof of Lemma 4.1, we form the same bipartite multigraph I' and precompute the same values
Clu,v] (as defined by (1)) for all u,v € Qp. In addition, we now maintain C[u,v] for all u,v € Q as
well, in order to keep track of the graph G* over the vertex set @) (as defined by (2)). Preprocessing

time is still O(mq(()w_l)/2 + ¢¢), and queries can be answered in the same way in 6((]) time.

Insertions/deletions in Q: Deletions are as before. Insertions are more involved, because @ is
not necessarily a subset of Qq, so new entries of C[-, -] need to be computed. To insert a vertex u to
@), consider two cases:

e Cask 1: u ¢ Qo, i.e., u has degree < m/qp in I'. For each v € Q, we can compute C[u, v]
by going through each of the O(m/qo) different components v adjacent to u in T’ and testing
whether yv € I' in O(1) time via a dictionary lookup. The total time of this step is O(gm/qo).

e CASE 2: u € Qg. For each v € Qp, C[u, v] has already been precomputed. For each v € @\ Qo,
since v has degree < m/qo in I', we can compute C[u, v], by going through each of the O(m/qp)
different components v adjacent to v in I' and testing whether yu € T' in 6(1) time via a
dictionary lookup. The total time in this case is also 6(qm/q0).



We can now maintain the graph G, as in the proof of Lemma 4.1, by at most ¢ edge updates to the
dynamic graph connectivity structure, in additional O(g) time. O

Theorem 5.2 We can design a data structure to maintain a subset S C V under any semi-

online update sequence, where preprocessing takes 6(m2‘”/("’+1)) = O(m!'*Y) time, updates to S take

6(m(3"’:1)/ (2wt2)y = O (m®91) amortized time, and connectivity queries on the subgraph induced by
S take O(m'/?) time.

Proof: At the beginning of each block of ¢ updates, we set () to contain the vertices in § with
the ¢ smallest deletion times, set P = S\ @, and rebuild the data structure from Lemma 5.1. Each
insertion in S is applied to @ with |Q] < 2¢ at all times, and deletions in S can occur to @ only.

The amortized update cost is
mg= I L g
O (0—0 + _) 7
q qo

which is asymptotically minimized by setting gy = m?/“*1) and ¢ = m1/2. O

6 A Fully Dynamic Solution

In the fully dynamic problem, we have no control on future deletions, so the subset P can no
longer remain static. However, since P undergoes deletions only, we can bring in amortization
techniques (see [5] for a similar, geometric example). Deletions cause splitting of components, and
a standard idea is to always split the smaller set from the larger set. Remarkably, the matrix-
multiplication output can be updated efficiently during this process, due to the linear dependence
on m in Lemma 3.1.

Lemma 6.1 We can make the data structure in Lemma 5.1 support an additional operation: deletion
in P. The total cost of { such deletions is bounded by O(mq(()w_l)/2 + (q).

Proof: The data structure is the same as in the proof of Lemma 5.1, but with one additional
ingredient: To maintain the connected components of P, we store the subgraph induced by P in a
decremental graph connectivity data structure [17, 31, 32]; the total maintenance cost over a sequence
of deletions is 6(m) Note that such a structure can handle auxiliary operations, such as reporting
the size of a component, or enumerating the vertices of a component. Insertions and deletions in @

are done exactly as in the proof of Lemma 5.1, it remains to describe how to perform deletions in P.

Deletions in P: To delete a vertex w from P, we find the component v containing w and observe
how ~ is split into several components 71, ..., vk from the decremental graph connectivity structure.
Without loss of generality, suppose that v; has the largest size. Note that each v; (¢ =2,..., k) has
at most half the size of 7. Let m’ be the sum of the degrees over all vertices of {w} U~y U+ U
in G.

Both I' and C[-, -] change as a result of the split.

e To update the multigraph I', we perform the following steps: For each edge uv € FE with

w €y (t=2,...,k), we insert a copy of v;,v and remove a copy of yv. For each wv € E, we

remove a copy of yv. Finally, we remove {w}U~U- - U5 from 7 so that v becomes 1. These
steps require O(m') dictionary updates and take O(m') time.
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Figure 4: Making the data structure fully dynamic.

e To update the C[-, ] values, we perform the following steps: For each (u,v) € (Qo X Qo) U
(Q x Q), if yu,vyv € T' before, we decrement Clu,v]. For each (u,v) € (Qo X Qo) U (Q X Q),
if y1u,y1v € I', we increment C[u,v]. These steps require O(q?) dictionary lookups and take
O(q?) time. Finally, for each (u,v) € (Qo x Qo) U (Q X Q), we add to C[u, v] the number of
components from {~vs, ..., vx} adjacent to both u and v in I'. These numbers can be computed
in O(m’q(()w_l)/2 + ¢¢) total time by applying Lemma 3.1 to a bipartite subgraph of I' with
O(m') edges (with v, ..., v on one side and Qg or @ on the other).

We can now rebuild the graph G* from scratch (according to the definition (2)) in time O(¢?), which
is absorbed by the other cost.

We can account for the O(m’q(()w_l)/2 + ¢¢) cost by charging O(deg(v)qéw_l)/z)

units to each
vertex v € {w} Uy, U---U 7, and charging O(¢f) units to the deletion operation itself. Here,
deg(v) denotes the degree of v in G. Each vertex v is charged at most O(logn) times overall, since
each time v is charged, the component containing v shrinks at least by a factor of two in size (and
components never expand, as P undergoes only deletions). Therefore, the total cost charged to
vertices is bounded by O(Y ¢y deg(v)qéw_l)/zlog n) = 6(mqéw_1)/2). The total cost charged to the

deletion operations is O({qy). O

Theorem 6.2 We can design a data structure to maintain a subset S C V under any online update
sequence, where preprocessing takes O (mB«TD/Gwt3)y = O (m1-28) amortized time, updates to S take

6(m4"’/ (3‘”‘"3)) = O(m®%) amortized time, and connectivity queries on the subgraph induced by S
take O(m'/3) time.

Proof: At the beginning of each block of ¢ updates, we set P = S, set ) = (J, and rebuild the data
structure from Lemma 6.1. Insertions in S are applied to @, with |Q] < ¢ at all times, but deletions
can occur to both P and (). The amortized update cost is

w—1)/2 w
0 (me((J 2y 1% @) 7
q qo

which is asymptotically minimized by setting go = ¢* @+ and ¢ = m!/3. O

Remarks. The space requirement of the data structure is indeed 6(m) The dynamic graph
connectivity structures take 6(m) space, the dictionary for I' takes O(m) space, and the C[-, ]
entries take O(¢2) space, which is sublinear for the parameters chosen in Theorem 6.2’s proof.

We can obtain a query-update tradeoff version of Theorem 6.2: With 6((]) query time for any

given parameter ¢ < m!/3, the amortized update time is 6(m/q(3_‘”)/("’+1)) = 6(m/q0'18).

11



Edge updates are indeed less difficult than vertex updates: For example, to insert a new edge vw
to E, we can create a new dummy vertex u joined to v and w and then insert u to S (i.e., Q). In
Lemma 5.1’s proof, since u has degree 2 only, we can update I' in 6(1) time and follow Case 1 to
update C[-, -] in less than 6(q0m/q) time (note that Qg does not change). Later, to delete the edge vw,
we can simply delete the dummy vertex « from S. Therefore, the cost of an edge insertion/deletion
is at most the cost of a vertex insertion/deletion.

7 Discussions

Is fast matrix multiplication necessary? Our algorithms have limited practical appeal because
of the use of fast matrix multiplication (FMM). One may wonder whether FMM is essential to solve
our problem. We suspect that the answer might be yes, in view of the following observations:

Observation 7.1

1. The problem of multiplying a \/n X n Boolean matriz with an n X \/n Boolean matriz with
m nonzero entries can be reduced to offline dynamic subgraph connectivity on a graph with n
vertices and m edges using O(n) updates and queries.

2. The problem of detecting a triangle (a 3-cycle) in a directed graph with m edges can be reduced
to offline dynamic subgraph connectivity using O(m) updates and queries.

3. The problem of detecting a quadilateral (a 4-cycle) in a directed graph with m edges can be
reduced to offline dynamic subgraph connectivity using O(m) updates and queries.

Proof:

1. As noted essentially in Section 3, an equivalent problem is the following: given a bipartite
graph G with a set P of n vertices on one side and a set @ of O(y/n) vertices on the other side,
decide whether u and v are adjacent to a common vertex for every pair u, v € . To solve this
problem, we first put all vertices of P in the subset S. For each pair u, v € ), we insert « and
v to S, test whether v and v are connected in the subgraph induced by S, and then delete u
and v from S. The number of queries and vertex updates to S is O(|Q|?) = O(n).

2. Let H = (V, E) be the given graph. Define an undirected graph G with vertexset V' x{(1,2,3)},
where we create edges (u, 1)(v,2) and (u, 2)(v,3) whenever wv € E. Initially, we put all vertices
of the form (w,2) in S. To detect a triangle in H, we go through each edge (v, u) € E, insert
(u,1) and (v, 3) to S, test whether (u, 1) and (v,3) are connected, and then delete (u,1) and
(v,3) from S. The answer is yes iff one of the tests returns true.

3. Define G as before, but with the addition of a vertex s adjacent to all vertices of the form
(u,1), and another vertex ¢ adjacent to all vertices of the form (v,3). Initially, we put s
and ¢ in S, along with all vertices of the form (w,2). To detect a quadilateral in H, we go
through each vertex z € V, insert all vertices in the subsets A = {(u,1) | (z,u) € E} and
B={(v,3) ] (v,2) € E} to S, test whether s and t are connected, and then delete all vertices
in A and B from S. The answer is yes iff one of the tests returns true (if s and ¢ are connected,
there is a length-2 path from A to B, yielding a quadilaterial through z). The number of vertex
updates to S is O(3 .y deg(z)) = O(m). O
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For the first problem, the best bound we know that does not use FMM is O (m+/n) (by Lemma 3.1,
with w = 3). So, it is unlikely that offline dynamic subgraph connectivity can be solved in o(nl/z)
time without some kind of FMM (though this doesn’t rule out the possibility of a sublinear bound
without FMM). For the second and third problem, the best algorithms known for sparse graphs, due
to Alon et al. [4, 33], both require FMM, and run in time O(m?*/(“+1)) = O(m'41) and (a little less
than) O (m(«=D/2et1)) = O(m'18) respectively.

Is the graph problem necessary? The problem we start with is geometric, but the solution we
give is mostly graph-theoretic. One may wonder whether this is the right approach. For d = 3, the
answer is yes, as shown below:

Observation 7.2 The dynamic subgraph connectivity problem can be reduced to the dynamic box
connectivity problem in R3.

Proof: We use only orthogonal segments (degenerate boxes) in IR®: For each vertex i of the given
graph, construct a line ¢; from (i, —00,0) to (¢,00,0). For the k-th edge ij, create a path m of
three segments through the points (¢, k,0), (¢, k, 1), (j, k, 1), (j, k,0). Then ¢ and j are connected iff
l; and (; are connected. Inserting/deleting a vertex ¢ in S corresponds to inserting/deleting ¢;.
Inserting/deleting an edge in E corresponds to inserting/deleting a 7. O

Thus, by Theorem 2.2, subgraph connnectivity is equivalent to box connectivity in three dimen-
sions, up to polylogarithmic factors. In particular, box connectivity in any fixed dimension > 3
is equally difficult, up to polylogarithmic factors. It is intriguing to contemplate whether one can
exploit the geometry of the rectangular connectivity problem to get a faster algorithm for d = 2
(perhaps without FMM).

Global connectivity? On a final note, we have purposely defined connectivity queries as just
deciding whether two points, or two vertices, are connected. One may wonder about other kinds
of connectivity queries, for example, “is the union of the boxes connected?”, or “is the subgraph
induced by S connected?”

Obtaining nontrivial results for such queries appear difficult, even in the offline setting. A major
obstacle appears to be the following dynamic set union problem: Given a collection C of n subsets
of U, of total size m, maintain a subcollection & C C under insertions and deletions of subsets, to
answer the following query, “is the union of & equal to U?”
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