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Abstract

We present a deterministic algorithm for solving two-dimensional convex programs with a

linear objective function. The algorithm requires O(k log k) primitive operations for k con-

straints; if a feasible point is given, the bound reduces to O(k log k= log logk). As a conse-

quence, we can decide whether k convex n-gons in the plane have a common intersection in

O(k lognminflogk; log logng) worst-case time. Furthermore, we can solve the three-dimensional

online linear programming problem in o(log

3

n) worst-case time per operation.

Running Head: 2-d Convex Programming

1 Introduction

Convex programming in �xed-dimensional space is a fundamental problem in computational geom-

etry with many applications. Using randomization, the problem has been solved satisfactorily, as

simple methods are known that require only a linear expected number of operations. These meth-

ods include a random sampling algorithm by Clarkson [8] and a randomized incremental algorithm

by Sharir and Welzl [28]; the latter one is based on a linear programming algorithm of Seidel [27].

These methods are not limited to convex programming but in fact apply to a general class of LP-type

problems [28].

Despite the success of randomized methods to the convex programming problem, deterministic

methods lack behind both in terms of simplicity and generality. There are currently several deter-

ministic approaches to the problem. One approach is to extend the prune-and-search algorithms for

linear programming due to Megiddo and Dyer [13, 19, 20]. Dyer [14] reported linear-time algorithms

for a restricted class of convex programs in which only a few of the constraints may be non-linear.

Extension to the general case of convex programming is not known at the moment.
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A more general deterministic approach [29] is to apply the parametric search paradigm of

Megiddo [18]. This approach is complicated and does not usually lead to linear-time algorithms.

Furthermore, it requires each constraint to be de�ned by a constant number of polynomials of a

�xed degree; thus, it does not work for arbitrary convex constraints.

The recent technique of derandomization has led to a new deterministic approach to convex

programming. By derandomizing Clarkson's algorithm, Chazelle and Matou�sek [7] showed that a

subclass of LP-type problems can be solved in a linear number of operations. Most convex programs

involving �xed-degree polynomials fall into this subclass, but as pointed out in their paper, there are

convex programming problems of dimension 2 for which their method does not apply.

In this paper, we consider the two-dimensional convex programming problem with a linear ob-

jective function:

Given a collection of k compact convex sets in the plane (the constraints) and a linear

function (the objective), �nd a point that minimizes the function over the intersection of

the k constraints.

Unlike the previous deterministic approaches, we do not impose any restriction on the constraints; we

only assume that there are procedures for performing the following primitive operations : (i) optimize

a linear function over the intersection of two constraints, and (ii) intersect a constraint with a line.

The known randomized methods can solve the problem using an O(k) expected number of such

primitive operations. By examining solutions de�ned by all pairs of constraints, one can easily obtain

a deterministic algorithm that uses O(k

2

) number of primitive operations. Using a prune-and-search

technique, we give a faster deterministic algorithm that requires an O(k log k) number of primitive

operations. Somewhat surprisingly, we are able to improve this number to O(k log k= log log k) if an

initial feasible point (i.e., a point in the intersection) is given.

Our motivation for considering two-dimensional convex programs with general constraints stems

from the following problem:

Given a collection of k convex n-gons in the plane, decide whether their common inter-

section is empty.

In 1988, Reichling [24] used the prune-and-search paradigm to obtain an algorithm that runs in

O(k log

2

n) worst-case time. Since then, no improvements were reported for this seemingly basic

problem.

By viewing the n-gons as constraints, we can think of this problem as a convex program in which

the primitive operations can be implemented in O(logn) time. Using known randomized methods for

convex programming, one can then get an algorithm with an O(k log n) expected running time. Our

deterministic method immediately yields an algorithm with an O(k log k logn) worst-case running

time. By re�ning our prune-and-search technique, we achieve an O(k logn log log n) worst-case time

bound, which is a strict improvement over the result by Reichling. Whether the remaining gap

between the randomized and deterministic complexities can be closed is left as an open problem.

As a further application of our technique, we consider the online linear programming problem in

three dimensions:
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Maintain a set of at most n halfspaces in IR

3

under a sequence of insertions such that one

can quickly compute the minimum of any linear objective function over the intersection

of this set of halfspaces.

The quality of a solution is measured in terms of the insertion time (the time for inserting a new half-

space) and the query time (the time for computing the optimum of a given objective function). The

objective may change for di�erent queries. Under the assumption that all sequences of insertions are

equally likely, there is a randomized algorithm that achieves an O(logn) expected amortized insertion

time and an O(log

2

n) query time with high probability; see Mulmuley's book [21, Section 3.2.3]. If

in addition the objective function is �xed, then Seidel's algorithm [27] achieves constant expected

amortized insertion time. For an arbitrary sequence of insertions, Eppstein [15] gave a random-

ized method with O(logn) insertion time and O(log

7=2

n log log n) expected query time, as well as a

deterministic method with O(logn) insertion time and O(log

6

n) query time.

With the known randomized methods for convex programming, it is possible to improve the ex-

pected query time bound of Eppstein's randomized method (this is noted at the end of his paper [15]).

Here, we are interested in improving the O(log

6

n) query time bound of his deterministic method. By

applying our technique for convex programming, we show how to obtain o(log

3

n) worst-case query

and insertion time.

As in Eppstein's method, we can also permit deletions of halfspaces, if during each insertion

of a halfspace, we are told the time at which the halfspace will be deleted. For the fully dynamic

case though, the best results currently known are obtained from Matou�sek's linear optimization

techniques [17] (see also [4]) combined with data structures by Agarwal and Matou�sek [1].

The remainder of this paper is organized as follows. In the next section, we present our convex

programming algorithm in two dimensions. In Section 3, we consider the case where the constraints

are convex n-gons. Section 4 discusses the application to the online linear programming problem in

three dimensions. Finally, Section 5 mentions some remaining open problems.

2 Convex Programming in IR

2

In this section, we study the following problem: given a collection C of k compact convex sets in IR

2

and a 2 IR

2

, �nd a point v 2

T

C2C

C minimizing a � v. The known randomized methods for convex

programming [8, 28] can solve the problem using O(k) expected number of the following primitive

operations:

(R1) Given C;C

0

2 C, �nd point v 2 C \ C

0

minimizing a � v.

(R2) Given C 2 C and point p, decide whether p 2 C.

If a certain randomized algorithm of Clarkson [8] is used, the expected number of operation (R1) is

only O(log k).

We will give deterministic algorithms that solve the problem using O(k log k) number of the

following, slightly stronger, primitive operations:

(D1) Given C;C

0

2 C, �nd points v

min

; v

max

2 C \ C

0

minimizing a � v

min

and �a � v

max

.

(D2) Given C 2 C and line `, compute the line segment C \ `.
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Figure 1: Simple tests determine whether v

�

is above or below `. (a) Case 1. (b,c) Case 2.

2.1 The algorithm

Without loss of generality, we may assume that a = (1; 0), i.e., we want to �nd the leftmost point

in

T

C2C

C. We assume that the problem is feasible; see Section 2.3 for how to handle the infeasible

case. For simplicity, we ignore degenerate cases and assume that the optimal point, denoted by

v

�

2 IR

2

, is unique; our algorithms can be modi�ed to deal with degeneracy directly.

We �rst restate the problem in terms of univariate functions. For each convex set C 2 C, we

�rst compute the x-coordinates x

min

; x

max

of its leftmost and rightmost points, by performing an

operation (D1). De�ne a convex function f : IR ! IR such that within [x

min

; x

max

], the graph of f

coincides with the lower envelope of C; within (�1; x

min

), f is linear with slope approaching �1;

and within (x

max

;1), f is linear with slope approaching 1. Similarly, de�ne a concave function

g : IR! IR corresponding to the upper envelope of C. Then the region bounded by the graphs of f

and g is precisely C. The convex programming problem is:

Given a collection F of k convex functions and a collection G of k concave functions on

IR, �nd the left intersection point v

�

of max

f2F

f and min

g2G

g.

Note that in general two convex functions or two concave functions may intersect an arbitrary

number of times. We observe, however, that a convex function and a concave function may intersect

only twice (assuming non-degeneracy). Our algorithm uses the following as primitive operations:

(D1

0

) Given f 2 F and g 2 G, �nd the two intersection points of f and g.

(D2

0

) Given � 2 F [ G and line `, �nd the at most two intersection points of � and `.

For the functions we have de�ned, operation (D1

0

) reduces to (D1) plus a constant number of (D2)'s,

and operation (D2

0

) reduces to (D2).

We adopt a prune-and-search approach to compute v

�

: in linear time, we identify a fraction

of functions in F or a fraction of functions in G that cannot de�ne v

�

; then we eliminate these

functions and repeat. Before we describe the algorithm, we �rst borrow some ideas used in previous

prune-and-search algorithms of Dyer [13] and Megiddo [19] for two- and three-dimensional linear

programming; these are encapsulated in the two lemmas below (proofs are included for completeness

sake). In what follows, an oracle is a procedure that, given a line `, decides which side of ` is v

�

on,

and computes v

�

if v

�

lies precisely on `.

Lemma 2.1 An oracle can be implemented using one operation (D1) and a linear number of oper-

ations (D2).
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Proof: We will only prove the lemma when ` is non-vertical; the vertical case is similar. Using

operation (D2

0

), compute the left and right intersection points, u

F

and v

F

, of max

f2F

f with `, and

the left and right intersection points, u

G

and v

G

, of min

g2G

g with `. Note that if max

f2F

f or

min

g2G

g does not intersect `, we can immediately conclude that v

�

is strictly above or below `.

Without loss of generality, suppose u

F

is to the right of u

G

. The oracle can be decided by some

local tests (see Figure 1):

Case 1. u

F

is to the left of v

G

. If u

F

6= u

G

, then v

�

is strictly above `. Otherwise, v

�

= u

F

= u

G

.

Case 2. u

F

is strictly to the right of v

G

. Suppose u

F

and v

G

are de�ned by the functions f 2 F and

g 2 G. Intersect f and g via a single operation (D1

0

), and note that v

�

is contained in the region

bounded by f and g, which is either completely above or completely below `. 2

Lemma 2.2 Given a set L of n non-vertical lines, we can accomplish one of the following by per-

forming two oracle calls plus O(n) additional work: (i) determine the position of v

�

, or (ii) identify

dn=8e lines ` 2 L such that v

�

lies strictly above `, or (iii) identify dn=8e lines ` 2 L such that v

�

lies strictly below `.

Proof: Let m be the median slope of L. Form a set S of at least n=2 points as follows. Arbitrarily

pair lines of slope < m with lines of slope > m and add the intersection of each pair of lines to S.

Furthermore, for each line of slope exactly m, pick an arbitrary point on the line and add it to S.

Draw a vertical line through each point of S and consult the oracle for the median such line `

1

.

Without loss of generality, say v

�

is strictly to the left of `

1

. There are at least n=4 points of S to

the right of `

1

. Draw lines of slope m through each such point and consult the oracle for the median

such line `

2

. Without loss of generality, say v

�

is strictly above `

2

.

Now, there are at least n=8 intersection points that are to the right of `

1

and below `

2

. There

are at least n=8 lines of slope � m passing through these points. It is easy to see that v

�

lies strictly

above each of these lines. The time complexity of the whole procedure is O(n), if we use a linear-time

median-�nding algorithm. 2

Theorem 2.3 A convex program in IR

2

with k constraints and a linear objective function can be

solved using O(k log k) primitive operations.

Proof: Let p = jF j and q = jGj; initially, p = q = k. Without loss of generality, assume p � q;

otherwise, swap F and G. Following Dyer's and Megiddo's linear programming algorithms, we pair

functions and show how to remove one function out of each pair for a fraction of the pairs. However,

there is a subtle di�erence in our approach that explains why we do not get the usual linear complexity

in prune-and-search: our pairing is not arbitrary. Speci�cally, we only pair a convex function with

a concave function. Since the number p of convex functions and the number q of concave functions

may be di�erent, our pairing may not be one-to-one. But it is possible to construct a pairing such

that each convex function in F is paired with exactly one concave function in G, and each concave

function in G is paired with at most dp=qe convex functions in F .

For each pair (f; g) with f 2 F and g 2 G, compute the two intersection points of f and g via

operation (D1

0

) and construct the line ` passing through these two points. Observe that if v

�

lies
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f

`

g

Figure 2: Prune f if v

�

is strictly above `. Prune g if v

�

is strictly below `.

strictly above `, then f cannot de�ne v

�

and can thus be pruned. Similarly, if v

�

lies strictly below

`, then g cannot de�ne v

�

and can be pruned. See Figure 2.

Let L be the set of p lines constructed from the p pairs. Invoke Lemma 2.2 on L. If case (i) of the

lemma is reached, then we are done and the algorithm can be terminated. If case (ii) of the lemma

is reached, then we can prune f from F for dp=8e of the pairs (f; g); as a consequence, the size of F

reduces to at most p� p=8 = 7p=8. If case (iii) of the lemma is reached, then we can prune g from

G for dp=8e of the pairs (f; g); since each g is paired with at most dp=qe < 2p=q functions, the size

of G reduces to at most q � (p=8)=(2p=q) = 15q=16. The process is now repeated for the new sets of

functions F and G.

By Lemma 2.1, the oracle can be implemented in O(Ap) time, where A denotes the time to

perform a primitive operation. We thus have the following recurrence for the running time T (p; q)

for p convex functions and q concave functions:

T (p; q) �

(

maxfT (

j

7

8

p

k

; q); T (p;

j

15

16

q

k

)g + O(Ap) if p � q

T (q; p) if q > p

Note that T (p; 0) = T (0; q) = O(1), as the solution is unbounded if either F or G is empty. The

number of iterations is O(log p+ log q), hence T (k; k) = O(Ak log k). 2

2.2 Re�nement

In certain applications, operation (D1) is more costly than operation (D2). In this subsection,

we note a modi�cation to the algorithm of Theorem 2.3 that allows us to reduce the number of

operations (D1) from O(k log k) to O(k).

Theorem 2.4 A convex program in IR

2

with k constraints and a linear objective function can be

solved using O(k) operations (D1) and O(k log k) operations (D2).

Proof: We follow the algorithm of Theorem 2.3, except that we form fewer pairs at each iteration

so as to reduce the number of operations (D1

0

). Let A

1

be the time needed for an operation (D1

0

)

and let A

2

be the time needed for an operation (D2

0

). As before, let p = jF j and q = jGj with p � q.

Choose a number r with p � r � q. Select r convex functions from F and apply our pairing strategy

on these r convex functions with the q concave functions of G. This allows us to eliminate either r=8

functions from F or q=16 functions from G. The cost of such an iteration is O(A

1

r+A

2

p), since we

perform r operations (D1

0

) for the r pairs (note that an oracle requires only a constant number of

operations (D1

0

) by Lemma 2.1).
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It remains to describe the choice of the number r (p � r � q) for each iteration. Fix a number R.

We consider three cases: (i) p � q � R, (ii) p � R > q, and (iii) R > p � q. We set r = q in case (i),

r = R in case (ii), and r = p in case (iii). This yields the following recurrence for the running time:

T (p; q) �

8

>

>

>

>

>

<

>

>

>

>

>

:

maxfT (

�

p�

q

8

�

; q); T (p;

j

15

16

q

k

)g + O(A

1

q + A

2

p) if p � q � R

maxfT (

j

p�

R

8

k

; q); T (p;

j

15

16

q

k

)g + O(A

1

R+A

2

p) if p � R > q

maxfT (

j

7

8

p

k

; q); T (p;

j

15

16

q

k

)g + O(A

1

p+ A

2

p) if R > p � q

T (q; p) if q > p

It is a straightforward exercise to show by induction that

T (p; q) = O(A

1

(p+ q +R log p+R log q) + A

2

(p log q + q log p+ p

2

=R+ q

2

=R)):

Setting R = k= log k implies that T (k; k) = O(A

1

k +A

2

k log k). 2

2.3 Dealing with infeasibility

In the previous subsections, we have assumed that the given convex program is feasible. Suppose

this is not the case. Then the point v

�

generated by our algorithms cannot be feasible. Thus, we

can detect whether a given convex program is feasible by simply testing the feasibility of this point

(which requires a linear number of primitive operations). In other words, we can use the algorithms

in Theorems 2.3 and 2.4 to determine whether

T

C2C

C = ; for a given collection C of convex sets

in IR

2

.

In certain applications, knowing that

T

C2C

C = ; is not enough; we may also want a witness|a

triplet C

1

; C

2

; C

3

2 C satisfying C

1

\C

2

\C

3

= ;. The existence of a witness is guaranteed by Helly's

theorem. It is possible to modify our algorithms directly so that a witness is produced whenever

the convex program is infeasible. Here, we point out instead a general approach. (Extension to an

arbitrary �xed dimension is obvious.)

Observation 2.5 Suppose we have an algorithm that decides whether the intersection of k convex

sets in IR

2

is empty in T

0

(k) time (assuming T

0

(k)=k is a non-decreasing function). Given a collec-

tion C of k convex sets in IR

2

whose intersection is empty, a witness for C can be found in O(T

0

(k))

time.

Proof: Partition C into four subcollections C

1

; : : : ; C

4

, each containing at least bk=4c convex sets.

Let C

0

i

= C � C

i

(i = 1; : : : ; 4). By Helly's theorem, at least one of the collections C

0

i

has an empty

intersection, and such a C

0

i

can be determined in 4T

0

(d3k=4e) time. We recursively �nd a witness

for this collection C

0

i

of at most d3k=4e convex sets, until only three sets remain. The running time

satis�es the recurrence T (k) � T (d3k=4e) +O(T

0

(d3k=4e)), which solves to T (k) = O(T

0

(k)). 2

2.4 When a feasible point is given

In this subsection, we show how to improve the time bound in Theorem 2.3 if an initial point

v

0

2

T

C2C

C is given. The new algorithm is also simpler, as it avoids Lemma 2.2. First, by
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translation of coordinates, we may assume that v

0

is the origin. For simplicity, suppose that the

constraints are non-degenerate and the origin is in the interior of

T

C2C

C. For the objective function,

it is more convenient to assume that a = (0;�1) rather than a = (1; 0). We thus want to maximize

the y-coordinate in the intersection

T

C2C

C.

As in Section 2.1, we rephrase the problem in terms of univariate functions. For each convex

set C 2 C, we construct a convex function h : IR ! IR as follows. Observe that the portion of the

boundary of C below the x-axis does not a�ect the solution to the convex program. Let 
 denote the

portion of the boundary of C strictly above the x-axis then. The transformation (x; y) 7! (x=y; 1=y)

maps 
 into the graph of a convex function. We de�ne h to be this function. Now, h satis�es the

following property: given a point (x; y) with y > 0, (x; y) belongs to C if and only if (x=y; 1=y) is

above h. Our problem is equivalent to the following:

Given a collection H of k convex functions on IR, �nd x 2 IR minimizing max

h2H

h(x)|

that is, �nd the lowest point on the upper envelope of H .

Remark : If the functions in H are linear, then the problem can of course be solved in linear time.

Reichling [24] described a linear-time algorithm for the quadratic case. The dual of the problem is

equivalent to �nding a bridge [16] of a convex hull of k planar convex objects. Nielsen and Yvinec [22]

gave an O(k)-time algorithm for the case when two objects may intersect at most a constant number

of times. We know of no nontrivial deterministic algorithm for the general case. Chazelle and

Matou�sek [7] speci�cally pointed out that their derandomization technique is not applicable to this

problem in general, because the range space associated with H does not necessarily have bounded

Vapnik-Chervonenkis (VC) dimension.

We now solve the problem using the following primitive operations:

(F1) Given h

1

; h

2

2 H , �nd x 2 IR minimizing maxfh

1

(x); h

2

(x)g.

(F2) Given h 2 H and x 2 IR, evaluate h(x).

For the functions we have constructed, these operations reduce to operations (D1) and (D2); in fact,

operation (D1) can be replaced by the weaker operation (R1).

It turns out that the convexity of the functions H is not crucial: it su�ces to assume that each

function h 2 H is upward unimodal. Compute x

min

that minimizes h using operation (F1). We can

de�ne a decreasing function f : IR! IR such that within (�1; x

min

], f coincides with h, and within

(x

min

;1), f is linear with slope approaching �1. Similarly, we can de�ne an increasing function

g : IR ! IR such that within [x

min

;1), g coincides with h, and within (�1; x

min

), g is linear with

slope approaching 1. Then our problem becomes:

Given a collection F of k decreasing functions and a collection G of k increasing functions,

�nd x minimizing max

�2F[G

�(x).

We denote the optimal value of x by x

�

.

In general, two increasing functions or two decreasing functions may intersect an arbitrary number

of times, but an increasing and a decreasing function intersect at most once. The following operations

reduce to (F1) and (F2):

(F1

0

) Given f 2 F and g 2 G, �nd the unique x 2 IR with f(x) = g(x).
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F

i

.

.

.

g

i

x

i

Figure 3: Prune F

i

if x

�

> x

i

. Prune g

i

if x

�

< x

i

.

(F2

0

) Given � 2 F [ G and x 2 IR, evaluate �(x).

Theorem 2.6 A convex program in IR

2

with k constraints and a linear objective function can be

solved using O(k log k= log log k) primitive operations if an initial feasible point is given.

Proof: As before, let p = jF j and q = jGj; initially, p = q = k. Without loss of generality, assume

p � q. Partition F = F

0

[ � � � [ F

q

such that jF

1

j = � � � = jF

q

j = bp=qc. Let G = fg

1

; : : : ; g

q

g. For

each i = 1; : : : ; q, compute the x-coordinate of the intersection of g

i

with each function in F

i

and let

x

i

denote the largest of these bp=qc x-coordinates. Observe the following property concerning x

i

: if

x

�

> x

i

, then max

f2F

i

f(x

�

) < g

i

(x

�

); conversely, if x

�

< x

i

, then max

f2F

i

f(x

�

) > g

i

(x

�

). In the

former case, F

i

can be pruned; in the latter, g

i

can be pruned. See Figure 3.

Using a linear-time selection algorithm, compute the d�qe smallest number in hx

1

; : : : ; x

q

i and

denote it by x. Here, � 2 (0; 1) is a �xed parameter to be determined later (as we will see, � = 1=2 is

not the best choice). In linear time, we can compare the value of x

�

with x by comparing max

f2F

f(x)

with max

g2G

g(x). If x

�

= x, then we are done. If x

�

> x, then we can prune F

i

from F for each

x

i

� x, and as a result, the size of F reduces to at most p� �qbp=qc < p� �q(p=(2q)) = (1� �=2)p.

If x

�

< x, then we can prune g

i

from G for each x

i

� x, and as a result, the size of G reduces to at

most q � (1� �)q = �q.

By repeating the process for the new sets of functions F and G, we arrive at the following

recurrence for the running time T (p; q) for p decreasing functions and q increasing functions, where

A is the time to perform a primitive operation:

T (p; q) �

(

maxfT (

�

(1�

�

2

)p

�

; q); T (p; b�qc)g + O(Ap) if p � q

T (q; p) if q > p

Note that T (p; 0) = T (0; q) = O(1), as the solution is unbounded if either F or G is empty. By

induction, one can then show that

T (p; q) = O(A(p log

1=�

q + q log

1=�

p+ p=�+ q=�)):

Setting � = 1= log

"

k for some constant 0 < " < 1 implies that T (k; k) = O(Ak log k= log log k). 2

3 An Algorithm for Convex n-gons

In this section, we discuss an instance of our convex programming problem where the constraints are

convex n-gons. As both operations (D1) and (D2) can be carried out in O(logn) time [6, 10, 25],

9



(a)

f

i

g

`

i

x

i

v

�

(b)

g

`

i

v

G

v

F

x

(c)

g

`

i

x

v

G

v

F

Figure 4: (a) In Case 1, a contradiction is reached if the right half of f

i

de�nes v

�

. (b,c) In Case 2,

simple tests determine whether v

�

is to the left or to the right of x.

Theorem 2.3 yields an O(k log k logn)-time algorithm. Using additional ideas, we give an algorithm

with an O(k logn log log n) running time, which is more e�cient for k � logn.

We follow the framework from Section 2.1 and consider the problem: given a collection F of p

convex functions and a collection G of q concave functions on IR, �nd the left intersection point v

�

of max

f2F

f and min

g2G

g. The functions in F [ G are now piecewise-linear, each consisting of at

most n links. In what follows, we assume that the sequence of links of each function is stored in an

array. It is straightforward to modify the algorithm if the links of each function are stored instead

in a tree structure of logarithmic depth.

We �rst give an e�cient algorithm for the case p� q, inspired by the prune-and-search method

of Reichling [24]. The algorithms in Section 2 prune entire functions; here, we prune portions of

functions. Reichling's method yields a running time of O(p log

2

n+ q log

2

n). We use new geometric

insights to remove a logarithmic factor in the �rst term.

Lemma 3.1 The above problem can be solved in O(p logn+ q log

2

n) time.

Proof: Let N be the total number of links in F ; initially N = pn. Let F = ff

1

; : : : ; f

p

g. For each

function f

i

, let v

i

be a point on the graph of f

i

that divides f

i

into two portions each with roughly

half the number of links. Let x

i

be the x-coordinate of v

i

. The left (or right) half of f

i

refers to the

portion of f

i

strictly to the left (or right) of x

i

. Let `

i

be a tangent of f

i

passing through v

i

.

Using a linear-time algorithm for weighted medians, one can �nd an x 2 IR such that both the

total number of links in ff

i

: x

i

� xg and the total number of links in ff

i

: x

i

� xg are at least N=2.

Compute the intersection v

F

of the upper envelope of f`

1

; : : : ; `

p

g with the vertical line at x in O(p)

time. Compute the intersection v

G

of min

g2G

g with the vertical line at x in O(q logn) time.

Case 1. v

F

is below v

G

. For each x

i

� x, we claim that the right half of f

i

does not de�ne v

�

and

can thus be pruned. To see this, assume the contrary and suppose v

�

is de�ned by the right half of

the convex function f

i

as well as the concave function g 2 G. It is easy to see that the tangent `

i

must lie strictly above g at any vertical line to the left of x

i

(see Figure 4(a)). This implies that v

F

is strictly above v

G

, a contradiction.

Case 2. v

F

is above v

G

. Suppose v

F

and v

G

are de�ned by the tangent `

i

and the concave function

g 2 G. Then v

�

is contained in the region bounded by `

i

and g, which is either completely to the

10



left or completely to the right of x (see Figure 4(b,c)). In the former case, the right half of f

i

for

each x

i

� x can be pruned; in the latter case, the left half of f

i

for each x

i

� x can be pruned.

In one iteration, we thus remove roughly half the number of links in ff

i

: x

i

� xg or ff

i

: x

i

� xg.

The total number of remaining links is 3N=4 + O(p). Repeating the process O(logn) times reduces

this number to O(p). Therefore, in O((p+ q logn) logn) time, we can replace F with a set of O(p)

linear functions.

To �nish o�, we interchange the roles of F and G and reduce G to a set of O(q) linear functions

by a similar algorithm. This now requires O((p+ q) logn) time, because intersecting max

f2F

f with

a vertical line takes only O(p) time for the set of linear functions F . Finally, the solution v

�

can be

computed by linear programming in O(p+ q) time. 2

Theorem 3.2 A convex program in IR

2

with k constraints and a linear objective function can be

solved in O(k logn log logn) time if each constraint is a convex n-gon whose sequence of vertices is

stored in an array.

Proof: Fix a parameter R. We follow the algorithm of Theorem 2.3, except when q � R, we switch

to the algorithm of Lemma 3.1. The running time satis�es the following recurrence, as a primitive

operation takes A = O(logn) time:

T (p; q)�

8

>

<

>

:

maxfT (

j

7

8

p

k

; q); T (p;

j

15

16

q

k

)g + O(p logn) if p � q > R

O(p logn + q log

2

n) if p � q and q � R

T (q; p) if q > p

We thus have T (k; k) = O(k log n log(k=R) + R log

2

n). Setting R = k= logn yields T (k; k) =

O(k log n log logn). 2

The observations in Section 2.3 imply:

Corollary 3.3 We can decide whether k convex n-gons in the plane have a common intersection in

O(k log n log logn) time.

4 Online Linear Programming in IR

3

In this section, we apply the techniques from Section 2 to the following problem: store a set H of

� n halfspaces in IR

3

into a data structure so that we can quickly �nd the point in P =

T

h2H

h mini-

mizing a given linear objective function. With Dobkin and Kirkpatrick's hierarchical representations

of convex polyhedra [11, 12], the problem can be solved in O(logn) time using a linear-size data

structure. Here, we are interested in a data structure that can support insertions of new halfspaces.

We solve this problem in o(log

3

n) worst-case time per query and insertion.

4.1 The �xed-objective case

We �rst consider the case when the same linear objective function is used in all the queries. Without

loss of generality, we assume that the objective is to minimize the z-coordinate.
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We borrow a general technique by Bentley and Saxe [2] for transforming a static data structure

into a data structure that supports insertion. This technique is designed for decomposable search

problems, but as noted by Eppstein [15], it is also applicable to linear programming if one can

e�ciently optimize linear functions over an intersection of preprocessed polyhedra.

Theorem 4.1 The minimum z-coordinate in an intersection of � n halfspaces in IR

3

can be main-

tained in O(log

3

n= log logn) worst-case time under a sequence of insertions.

Proof: Fix an integer b > 1. Let a

k�1

: : : a

1

a

0

be a base-b representation of jH j, where k � log

b

n+1.

Partition H into k subsets H

0

; : : : ; H

k�1

such that jH

i

j = a

i

b

i

. Our data structure consists of

hierarchical representations of the k polyhedra P

i

=

T

h2H

i

h (i = 0; : : : ; k � 1).

To insert a new halfspace h into our data structure, let j be the smallest index with a

j

6= b� 1.

In the new base-b representation of jH j, the number a

j

is incremented and a

0

; : : : ; a

j�1

are set to

zero. Consequently, we set H

j

 H

0

[ � � � [ H

j

[ fhg and set H

0

; : : : ; H

j�1

to ;. The hierarchical

representations of the corresponding polyhedra need to be updated; this can be done in O(b

j+1

) time

using Chazelle's polyhedra intersection algorithm [5]. One can show that the amortized insertion

time is O(b logn= log b).

Let v

min

be the point that minimizes the z-coordinate in P before h is inserted. We now describe

how to compute the new optimum v

0

min

after the insertion using the above data structure. First

if v

min

2 h, then v

0

min

= v

min

. Otherwise, v

0

min

must lie on the bounding plane � of h. We can

compute v

0

min

by minimizing a linear function over

T

k�1

i=0

(P

i

\ �). Since fP

i

\ �g is a collection of k

convex sets in a two-dimensional plane, Theorem 2.4 can be used to solve the convex program.

Primitive operation (D1) requires minimizing a linear function over the intersection of two poly-

hedra and a plane; using hierarchical representations, it can be done in A

1

= O(log

2

n) time (e.g.,

see the paper by Eppstein [15]). Primitive operation (D2) requires intersecting a polyhedron with

a line; it can be done in A

2

= O(logn) time. Thus, the time needed to update the optimum is

O(A

1

k +A

2

k log k) = O(log

3

n= log b).

Setting the parameter b = blognc, we obtain an O(log

3

n= log log n) amortized time bound for

maintaining v

min

under a sequence of insertions. This amortized bound can be made worst-case

using known techniques for decomposable search problems [23]. 2

Note that a method for performing operation (D1) in o(log

2

n) time will directly improve the

time bound in the above theorem.

As an application of Theorem 4.1, we have an online algorithm for the largest circle (in fact, the

largest homothet of any \simply-shaped" convex �gure) inside an intersection of halfplanes in IR

2

.

Previously, Boissonnat et al. [3] gave static data structures for �nding the largest circle in a convex

polygon subject to point/line constraints.

Corollary 4.2 The largest circle contained in an intersection of � n halfplanes in IR

2

can be main-

tained in O(log

3

n= log logn) worst-case time under a sequence of insertions.

Proof: A circle with center (x; y) and radius z is contained in a halfplane f(�; �) : a� + b� � 1g if

and only if ax+ by+ (

p

a

2

+ b

2

) z � 1. Hence, �nding the largest circle contained in the intersection

of halfplanes in IR

2

reduces to �nding the largest z-coordinate in an intersection of halfspaces in IR

3

.

2

12



4.2 The general case

We now consider the general case in which each query may use a di�erent linear objective function.

Instead of the hierarchical representation, we �nd it more convenient in this instance to use the

drum representation of a polyhedron [6, 10]. Let Q be a convex polyhedron with n vertices, and

for simplicity, assume that no two vertices have the same z-coordinate. Let z

1

< � � � < z

n

denote

the z-coordinates of the vertices of Q. The i-th drum consists of the ordered sequence of faces of

Q that intersect the horizontal plane f(x; y; z) : z = (z

i

+ z

i+1

)=2g (i = 0; : : : ; n � 1). The drum

representation is the collection of these n � 1 drums.

In the drum representations, the ordered sequence for each drum need not be stored explicitly;

otherwise, 
(n

2

) storage is necessary. Instead, we only assume that we can perform binary searches

on the sequence in logarithmic time. Using persistent search trees [26], it is possible to construct a

drum representation with O(n) storage in O(n logn) time.

Theorem 4.3 The online linear programming problem can be solved in O(log

3

n= log log logn) time

per query and O(log

3

n= log logn) time per insertion.

Proof: Let v

min

and v

max

be the points that minimize and maximize the z-coordinate in P respec-

tively; let z

min

and z

max

denote their z-coordinates. By Theorem 4.1, they can be maintained in

O(log

3

n= log log n) time.

We use the same data structure as in Theorem 4.1, except that besides the hierarchical represen-

tations of the P

i

's, we also store the drum representations of the P

i

's. The time needed to insert a

new halfspace into the data structure is now O(b log

2

n= log b) instead of O(b logn= log b), since the

preprocessing time for the drum representation is larger by a logarithmic factor.

To answer a query, we need to optimize a given linear function over P =

T

k

i=0

P

i

. Let z

�

be

the z-coordinate of the optimal point. We �rst describe how to solve the decision problem: given

a number c 2 IR, decide whether z

�

< c, z

�

= c, or z

�

> c. We may assume that c 2 (z

min

; z

max

);

otherwise, the solution is trivial.

It is not di�cult to see that the decision problem reduces to the problem of minimizing a linear

function over

T

k

i=0

(P

i

\ �), where � denotes the horizontal plane f(x; y; z) : z = cg. This is a two-

dimensional convex programming problem. Furthermore, we know a feasible point for the convex

program, namely, the intersection of the line segment v

min

v

max

with the plane �. Thus, Theorem 2.6

yields an algorithm with O(k log k= log log k) primitive operations.

The drum representations allow us to identify the ordered sequence of edges of the polygon P

i

\�

in logarithmic time. Thus, operations (D1) and (D2) can both be carried out in O(logn) time. We

conclude that the decision problem can be solved in O(k log k logn= log log k) time.

To �nd z

�

, we apply Megiddo's parametric search technique [18]. Suppose that there is a se-

quential algorithm solving the decision problem in T

s

time as well as a parallel algorithm solving

the decision problem in T

p

time with P processors. Then for a general class of parallel algorithms,

the parametric search technique �nds z

�

in O(PT

p

+ T

s

T

p

log P ) time. Cole [9] showed that for a

restricted class of parallel algorithms, this running time can be improved to O(PT

p

+T

s

(T

p

+log P )).

Instead of parallelizing the algorithms in Section 2, we use a trivial parallel algorithm for our

decision problem. In the framework of Section 2.6, this algorithm does the following: (i) for each

f 2 F and g 2 G, it computes the intersection point of f and g; (ii) then it �nds the optimum, which

is the intersection point with the largest y-coordinate. Step (i) can be done in O(logn) time using
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k

2

processors, since a primitive operation takes logarithmic time. Step (ii) can be done in O(log k)

steps using the standard \binary-tree" algorithm for �nding the maximum. Megiddo's parametric

search technique now yields an algorithm with running time

O

�

k

2

log(nk) +

�

k log k logn

log log k

�

log(nk) log k

�

:

Cole's improvement can be applied to reduce a log k factor from the second term. Substituting

b = blog nc and k = O(log

b

n), we see that z

�

can be computed in O(log

3

n= log log logn) time. 2

Remarks :

1. With drum representations and parametric search, we can optimize a linear function over

the intersection of three convex polyhedra in O(log

2

n) time (as the decision problem can be solved

in O(logn) time). Previously, Eppstein [15] obtained an O(log

3

n)-time bound using hierarchical

representations. If we use this result in combination with Clarkson's randomized algorithm [8]

for convex programming as was suggested by Eppstein, we can solve the three-dimensional online

linear programming problem with expected O(log

2

n log logn) time per query and O(log

2

n) time per

insertion.

2. Reichling [25] applied similar ideas (drum representations, parametric search, etc.) to de-

tect whether k preprocessed convex polyhedra have a common intersection. His method requires

O(k log k log

3

n) time. We can solve this problem in O(k polylog k log

2

n) time by following the al-

gorithm of Theorem 4.3, but using a more e�cient parallelization of the algorithm of Theorem 2.6

(with O(k) processors and O( polylog k log n) steps). Alternatively, with the earlier remark, Clark-

son's randomized algorithm solves this problem in O(k logn + log k log

2

n) expected time.

5 Conclusions

In this paper, we have given general deterministic algorithms for the two-dimensional convex pro-

gramming problem. We have applied our techniques to obtain improved worst-case time bounds for

detecting a common intersection in a collection of convex polygons, as well as solving online versions

of the linear programming problem in three dimensions.

Many open problems still remain. Perhaps the most interesting is to determine whether linear

worst-case complexity is attainable for two-dimensional convex programming, using only the prim-

itive operations provided in Section 2. Another problem is to formulate general classes of convex

programs in higher dimensions that admit near-linear deterministic algorithms. Finally, to what

extent can we improve the results in Sections 3 and 4?
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