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Abstract

We consider the standard problem of approximate nearest neighbor search, for a given set

of n points with integer coordinates in a constant-dimensional Euclidean space. We describe a

simple implementation of a randomized algorithm that guarantees O(logn) expected query time

and O(n logn) preprocessing time. The entire C++ code is under 100 lines long and requires no

extra space other than the input array. The algorithm can easily be made dynamic as well.

1 Introduction

Approximate nearest neighbor search [1, 18] is one of the most well-researched problems in computer

science. The goal of this article is to describe a provably eÆcient method when the input is a point

set in Euclidean space in a low dimension d (like 2 or 3). This �xed-dimensional Euclidean case is

arguably the most natural case to consider (although high-dimensional and more general metric-space

settings have also received much attention [6, 11]). Methods with provable performance guarantees

(in contrast to, say, traditional k-d trees and quadtrees [16]) are appealing in that analyses hold for

all input point sets, without any assumptions about their distributions.

For d = 2, techniques from computational geometry (Voronoi diagrams and point location meth-

ods) [15] yield data structures for exact nearest neighbor search, with O(n logn) preprocessing time,

O(n) space, and O(logn) query time, matching the standard 1-d bounds (which are optimal among

comparison-based methods). However, these techniques are fairly complicated and do not work well

when the dimension exceeds two.

Arya et al. [2] were the �rst to obtain an algorithm for approximate nearest neighbor search with

O(n logn) preprocessing time, O(n) space, and O(logn) query time in any �xed dimension. Here,

the point returned by the algorithm is guaranteed to have distance within a factor of 1 + " from

the minimum distance to the query point, for any �xed " > 0. (Constant factors depend on " and

d.) The paper is somewhat lengthy|to guarantee good worst-case query times, the challenge is

to �nd a hierarchical structure (in Arya et al.'s case, the BBD tree) which is \balanced" in both

the combinatorial and geometric sense. Since Arya et al.'s work, other structures with additional

functionalities (such as BAR trees [8] and approximate Voronoi diagrams [10, 3]) have been proposed

(which are not necessarily simpler than the original BBD trees).
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In this article, we are interested in the simplest implementation of an approximate nearest neigh-

bor algorithm that guarantees O(n logn) preprocessing time, O(n) space, and O(logn) query time in

any �xed dimension. In an earlier 2-page note, the author [5] has already noticed that a \shift-shu�e-

and-sort" approach (inspired by some previous work [4, 13]) can lead to a simple algorithm with the

desired performance. Here, we provide a more detailed account of one further simpli�ed version of

this approach. (Speci�cally, the simpli�cation uses one random shift instead of multiple shifts; the

new description also avoids the use of certain unspeci�ed constants and results in a potentially faster

implementation in practice.)

Our new algorithm has the following attractive features:

� Our algorithm is very easy to implement. The complete code �ts in 2 pages (see the appendix).

� Our algorithm is in-place, i.e., it requires no extra space (in particular, no pointers) except for

the input array, which stores an appropriate permutation of the points. (It might be possible

to make some of the previous data structures in-place, but this would require extra e�ort.)

In a way, our method is analogous to, and is almost as simple as, the standard 1-d searching

method: preprocess by sorting the input array, and answer queries by performing a binary

search in the sorted array.

� Our algorithm can be easily made dynamic, supporting insertions and deletions in O(logn)

time (this time, pointers are required). In contrast, dynamizing Arya et al.'s original method

requires sophisticated techniques (namely, the use of Sleator and Tarjan's dynamic trees or

Frederickson's topology trees). Eppstein, Goodrich, and Sun [9] have recently suggested the

skip quadtree as a simple approximate nearest neighbor method that supports dynamic updates,

but our approach is even simpler|we can directly invoke any standard data structure for 1-d

search (for example, a red-black tree, AVL tree, treap, or any of its cousins [7]).

To be fair, we mention the following drawbacks:

� Our algorithm does not work in the real-RAM model. Instead we assume that each coordinate

is an integer and �ts in a word, and that common operations on words (speci�cally, bitwise-

exclusive-or and most-signi�cant-bit) are available. This assumption is common and is made,

for instance, in an early version of the BBD tree [2] as well as the skip quadtree [9].

� Our algorithm is randomized. The O(logn) query time bound holds in expectation under an

\oblivious" adversary assumption, namely, that query points are independent of the random

choice(s) made by the preprocessing algorithm. This type of assumption is reasonable (and is

also made, for example, in randomized analyses of hashing). We emphasize that the expected

bound is not with respect to any input distribution and is valid for arbitrary point sets.

� Our primary goal is in simplicity of implementation, not actual speed in practice. Our imple-

mentation is reasonably eÆcient and is much faster than brute-force search in low dimensions,

but is slower than, for example, Arya et al.'s �ne-tuned code [14].

In the next section, we provide an entirely self-contained description and analysis of our algorithm.
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2 A Shift-Shu�e-Sort Method (\SSS")

Preliminaries. Given a point p 2 IN

d

whose coordinates (p

1w

� � �p

10

, p

2w

� � �p

20

, . . . , p

dw

� � �p

d0

)

are written in binary, its shu�e refers to the number p

1w

p

2w

� � �p

dw

� � �p

10

p

20

� � �p

d0

written in binary.

We write p � q i� the shu�e of p is less than or equal to the shu�e of q; the relation � is called the

shu�e order .

To see the geometric signi�cance of the shu�e order, we make the following de�nition: a quadtree

box is a hypercube of the form [k

1

2

i

; (k

1

+ 1)2

i

)� � � � � [k

d

2

i

; (k

d

+ 1)2

i

) for some i; k

1

; : : : ; k

d

2 IN.

These boxes form a tree structure (hence the name), where a quadtree box of side length 2

i

can

be partitioned into precisely 2

d

quadtree subboxes of side length 2

i�1

. A useful observation is that

points inside a common quadtree box appear consecutively in the shu�e order|in other words, if

p

1

� p

2

� p

3

, then any quadtree box containing p

1

and p

3

must also contain p

2

.

Let B(p

1

; p

2

) denote the smallest quadtree cell containing two points p

1

and p

2

. Given a point

p 2 IN

d

and a number s, let p

s

denote the shifted point p+(s; : : : ; s). Let d(p; q) denote the (minimum)

Euclidean distance between two points (or objects) p and q.

The algorithm. Our preprocessing algorithm is extremely simple. Given input points p

1

; : : : ; p

n

2

f0; : : : ; 2

w

� 1g

d

, we perform just one sorting step:

1. randomly pick a shift s 2 f0; : : : ; 2

w

� 1g

2. sort p

s

1

; : : : ; p

s

n

according to the shu�e order �

Our query algorithm is a modi�ed binary search. Given a point q 2 f0; : : : ; 2

w

� 1g

d

, we call

the recursive procedure below, which �nds a (1+ ")-factor approximate nearest neighbor of q in the

subarray p

a

; : : : ; p

b

. Initially, a = 1 and b = n, and the global variable r is set to 1. At the end, r

contains the approximate minimum distance to q. (We can easily return the point that attains this

distance.)

query(q, a, b):

0. if a > b then return

1. m b(a+ b)=2c

2. r minfr; d(p

m

; q)g

3. if a = b or d(q

s

; B(p

s

a

; p

s

b

)) �

r

1+"

then return

4. if q

s

� p

s

m

then f

5. query(q, a, m� 1)

6. if q

s+dre

� p

s

m

then query(q, m+ 1, b)

g

7. else f

8. query(q, m+ 1, b)

9. if q

s�dre

� p

s

m

then query(q, a, m� 1)

g
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Correctness. In line 3 of the query algorithm, suppose that d(q

s

; B(p

s

a

; p

s

b

)) �

r

1+"

. Because

p

s

a

; p

s

a+1

; : : : ; p

s

b

2 B(p

s

a

; p

s

b

), all points in the subarray p

a

; p

a+1

; : : : ; p

b

have distance at least

r

1+"

to q

and thus need not be examined.

In line 6, suppose q

s+dre

� p

s

m

. Let D

1

(q; r) denote the box centered at q of side length

2r. Because q

s+dre

is the maximum point in the box D

1

(q

s

; dre) with respect to �, we have

p

s

m+1

; : : : ; p

s

b

62 D

1

(q

s

; dre). So, all points in the subarray p

m+1

; : : : ; p

b

have L

1

-distance (and,

in particular, L

2

-distance) at least r to q, and thus need not be examined.

Similarly, in line 7, if q

s�dre

� p

s

m

, then the subarray p

a

; : : : ; p

m�1

need not be examined. The

correctness of the query algorithm now follows.

Primitives. In order to implement the algorithm, we need two nonstandard primitives: given two

points p = (x

1

; : : : ; x

d

) and q = (y

1

; : : : ; y

d

), (i) decide whether p � q, and (ii) compute B(p; q).

Let x xor y denote the bitwise exclusive-or of two natural numbers x and y. Let msb(x) denote

the position of the most signi�cant bit (i.e., leftmost 1-bit) of x. Note that the xor operation is

commonly available, and msb can be computed using the logarithm function (msb(x) = blog

2

xc), or

by converting x to 
oating point and extracting the exponent.

For (i), we �nd the index j with the largest msb(x

j

xor y

j

); in case of ties, pick the smallest such

index. Then p � q i� x

j

� y

j

. As noted earlier [5], we can actually avoid computing msb explicitly

here, since msb(x) < msb(y) i� x is smaller than both y and x xor y.

For (ii), let i = 1+max

j=1;:::;d

msb(x

j

xor y

j

). Then B(p; q) = [

�

x

1

=2

i

�

2

i

; (

�

x

1

=2

i

�

+ 1)2

i

)� � � ��

[

�

x

d

=2

i

�

2

i

; (

�

x

d

=2

i

�

+ 1)2

i

), which can be computed using shifts.

Analysis. Preprocessing takes O(dn logn) time by any optimal comparison-based sorting algo-

rithm, since each comparison takes O(d) time.

The query time is bounded by O(d) times the number N of internal nodes in the recursion tree

generated by the query algorithm. The tree obviously has O(logn) height. At an internal node, we

say that the algorithm \visits" the quadtree box B(p

s

a

; p

s

b

) for the corresponding indices a and b. Let

p

�

denote the exact nearest neighbor of q. Let i be such that 2

i�1

� d(p

�

; q) � 2

i

. Fix a value c and

assume that the following condition E

c

is true:

D

1

(q

s

; 2

i

) is contained in a quadtree box of length 2

i+c

, and D

1

(q

s

;

p

d2

i+c

) is contained

in a quadtree box of length 2

i+2c

.

Then we have the following observations:

� The quadtree boxes at all but O(logn) nodes have side lengths at most 2

i+2c

.

Proof : Say p

s

k

� q

s

� p

s

k+1

. When the �rst leaf in the tree is reached, both the distances

d(p

k

; q) and d(p

k+1

; q) have been examined (in line 2). One of p

s

k

or p

s

k+1

is in between p

s

�

and

q

s

with respect to �, and must be in B(p

s

�

; q

s

), which has side length at most 2

i+c

. Thus, after

the �rst leaf is reached, we have r � r

0

:=

p

d2

i+c

.

Each quadtree box B(p

s

a

; p

s

b

) visited must have q

s+dr

0

e

� p

s

a�1

or q

s�dr

0

e

� p

s

b+1

(because of

the if conditions in lines 6 and 9). At each level of the tree, there are at most two nodes with

p

s

a�1

� q

s+dr

0

e

� p

s

b+1

, or p

s

a�1

� q

s�dr

0

e

� p

s

b+1

. All other nodes have q

s�dr

0

e

� p

s

a�1

; p

s

b+1

�

q

s+dr

0

e

, which implies that B(p

s

a

; p

s

b

) has side length at most 2

i+2c

.
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� All quadtree boxes visited have side lengths at least 
("=

p

d)2

i

.

Proof : At an internal node with quadtree box B = B(p

s

a

; p

s

b

) of side length `, we have the

following inequalities (because of the if condition in line 3):

d(p

m

; q)�

p

d` � d(q

s

; B) �

r

1 + "

�

d(p

m

; q)

1 + "

=)

p

d` �

"d(p

m

; q)

1 + "

: (1)

Thus, ` = 
("=

p

d)d(p

m

; q) � 
("=

p

d)2

i�1

.

� The number of di�erent quadtree boxes visited that have a given side length is O(

p

d=")

d

.

Proof : By (1), a quadtree box visited of side length ` must have distance at most O(

p

d`=")

from q. There are at most O(

p

d=")

d

such boxes.

� A quadtree box may be visited at most O(2

d

logn) times.

Proof : If B = B(p

s

a

; p

s

b

) = B(p

s

a

0

; p

s

b

0

) with p

s

a

� p

s

b

� p

s

a

0

� p

s

b

0

, then p

s

a

and p

s

a

0

must lie in

di�erent quadtree subboxes of B (because otherwise B(p

s

a

; p

s

b

) would be strictly contained in

B). Thus, B is visited at most 2

d

times at each level of the tree.

Putting all these observations together, we conclude that if E

c

holds,

N = log

 

2

i+2c

("=

p

d)2

i

!

�O(

p

d=")

d

� 2

d

log n = O(

p

d=")

d

(c+ log(1=")) logn:

Now, if E

c

does not hold, then one of the d coordinates of q

s

must lie in the range f0;�1; : : : ;�2

i

g

modulo 2

i+c

, or f0;�1; : : : ;�

l

p

d2

i+c

m

g modulo 2

i+2c

. As s is random,

PrfE

c

g = O

 

d

 

2

i

2

i+c

+

p

d2

i+c

2

i+2c

!!

= O

 

d

3=2

2

c

!

:

The expected running time is thus bounded by

O(d)E[N ] = O(d)

1

X

c=1

E[N jE

c

\ E

c�1

\ � � � \ E

1

] PrfE

c

\ E

c�1

\ � � � \ E

1

g

� O(d)

1

X

c=1

E[N jE

c

\ E

c�1

\ � � � \ E

1

] PrfE

c�1

g

= O(

p

d=")

d

 

1

X

c=1

c

2

c

+ log(1=")

!

log n = O(

p

d=")

d

log(1=") logn:

3 Remarks

Implementation. The appendix gives an implementation in C++, using available operations for

xor (^), msb (frexp), shifts, and square roots, as well as the qsort library function. Some quick

experiments (run on a Sun Ultra 10) indicate that the code is reasonably fast in low dimensions.

For example, for uniformly distributed input and query points in f0; : : : ; 2

29

� 1g

d

with n = 300000,

5



d = 3, and " = 0, preprocessing takes 4.5 seconds and a query takes 0.0005 seconds; for n = 300000,

d = 10, and " = 3, preprocessing takes 10.5 seconds and a query takes 0.067 seconds. (Of course, our

analysis provides no guarantees on the query time when " = 0. Also, for " > 0, as in Arya et al.'s

implementation, the approximate neighbors returned tend to have factor better than 1+ ".) We will

omit a full experimental report, as Arya et al.'s k-d tree code [2, 14] achieves better query times in

practice (though our preprocessing is often slightly faster).

Dynamic version. Our method is perhaps the easiest to dynamize. We just maintain the sorted

list of points in a balanced search tree instead of an array. Each update requires O(logn) comparisons

and thus takes O(d logn) time. The query algorithm requires only cosmetic changes and still runs

in logarithmic time, since the tree height is O(logn).

The simplest option for the balanced search tree is perhaps Seidel and Aragon's randomized

treap [17]. The resulting C++ code for dynamic approximate nearest neighbors is just 148 lines long.

Some variants. Some alternative expressions may replace d(q

s

; B(p

s

a

; p

s

b

)) (in line 3) without af-

fecting our analysis. For example, for a stronger bound that may yield slightly better results in

practice, we can use the distance of q

s

to the smallest binary-quadtree box containing p

s

a

and p

s

b

.

Here, a binary-quadtree box refers to a hypercube of the form [k

1

2

i

; (k

1

+1)2

i

)�� � ��[k

j

2

i

; (k

j

+1)2

i

)�

[k

j+1

2

i+1

; (k

j+1

+ 1)2

i+1

)� � � �� [k

d

2

i+1

; (k

d

+ 1)2

i+1

) for some i; k

1

; : : : ; k

d

2 IN and j 2 f1; : : : ; dg.

Each each such box can be partitioned into two binary-quadtree subboxes.

Alternatively, we can use the weaker bound d(p

m

; q)�� where � is some constant-factor upper

bound of the diameter of B(p

s

a

; p

s

b

). Though slower in practice, the advantage of this approach is

that the msb operation can be completely avoided (since an estimate for � can be computed with

only the xor operation).

The shu�e order may also be replaced with other similar orders induced by space-�lling curves

(like Hilbert curves) [12, 13]. This may possibly lead to fewer nodes visited in practice, though

comparisons based on, say, the Hilbert curve are harder to implement using the commonly available

word operations.

If shu�es can be explicitly computed, we can reduce the preprocessing time to O(n logn + dn)

by known multi-key sorting methods, since we are sorting n values each of which �t in d words.

Furthermore, as mentioned in the previous note [5], it is possible to beat the n log n preprocessing

time and logn query time barriers in theory, by using known (complicated) algorithms for 1-d sorting

and searching on the word RAM.

Our method works, of course, for other L

p

-metrics. It can be made deterministic, by using

multiple shifts as noted previously [4, 5], though this would increase the preprocessing time and

space by a factor of O(d).

Quadtree variants. By storing more information during preprocessing, we can avoid regenerating

the same quadtree box O(logn) times and potentially improve the constant factors in the query time

bound. The authors' previous note [5] mentioned one way, using priority search trees. Another way

is to augment the sorted list with an explicit representation of the \compressed" binary quadtree, i.e.,

to add extra links between the subarray p

a

; : : : ; p

b

and the two subarrays p

a

; : : : ; p

m

0
and p

m

0
; : : : ; p

b

,

where m

0

is the largest index such that the smallest binary quadtree box containing p

a

and p

m

0

does

not contain p

b

(which can be found by binary search). It is not diÆcult to maintain the links of

the compressed binary quadtree in O(d logn) time per insertion and deletion, by doing searches in

6



our sorted list. With this augmented data structure, we can obtain a query algorithm that takes

O(d logn)+O(

p

d=")

d

log(1=") expected time, though the algorithm becomes more complicated (and

thus will not described here).

Alternatively, we could just use the binary quadtree alone, without our sorted list. By our

analysis, a simple top-down query algorithm takes O(dh) +O(

p

d=")

d

log(1=") expected time, where

h � dw is the height of the binary quadtree. Although h could be larger than logn, the second term

usually dominates in practice except for the lowest dimensions. Our analysis thus partially explains

the empirical success of a direct quadtree approach.
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Appendix: Code

1 // Timothy Chan 12/05

2 // approximate nearest neighbors: the SSS method (static version)

3

4 #include <stream.h>

5 #include <stdlib.h>

6 #include <math.h>

7 #include <limits.h>

8 #define sq(x) (((float) (x))*((float) (x)))

9 #define MAX (1<<29)

10

11 typedef int *Point;

12 int d, shift;

13 float eps, r, r_sq;

14 Point ans, q1, q2;

15

16 inline int less_msb(int x, int y) { return x < y && x < (x^y); }

17

18 int cmp_shuffle(Point *p, Point *q) {

19 int j, k, x, y;

20 for (j = k = x = 0; k < d; k++)

21 if (less_msb(x, y = ((*p)[k]+shift)^((*q)[k]+shift))) {

22 j = k; x = y;

23 }

24 return (*p)[j]-(*q)[j];

25 }

26

27 void SSS_preprocess(Point P[], int n) {

28 shift = (int) (drand48()*MAX);

29 q1 = new int[d]; q2 = new int[d];

30 qsort((void *) P, n, sizeof(Point),

31 (int (*)(const void *, const void *)) cmp_shuffle);

32 }

33

34 void check_dist(Point p, Point q) {

35 int j; float z;

36 for (j = 0, z = 0; j < d; j++) z += sq(p[j]-q[j]);

37 if (z < r_sq) {

38 r_sq = z; r = sqrt(z); ans = p;

39 for (j = 0; j < d; j++) {

40 q1[j] = (q[j]>r) ? (q[j]-(int)ceil(r)) : 0;

41 q2[j] = (q[j]+r<MAX) ? (q[j]+(int)ceil(r)) : MAX;

42 }

43 }

44 }

45

46 float dist_sq_to_box(Point q, Point p1, Point p2) {

47 int i, j, x, y; float z;

48 for (j = x = 0; j < d; j++)

49 if (less_msb(x, y = (p1[j]+shift)^(p2[j]+shift))) x = y;

50 frexp(x, &i);

51 for (j = 0, z = 0; j < d; j++) {

52 x = ((p1[j]+shift)>>i)<<i; y = x+(1<<i);

53 if (q[j]+shift < x) z += sq(q[j]+shift-x);

54 else if (q[j]+shift > y) z += sq(q[j]+shift-y);

55 }

56 return z;

57 }

58

59 void SSS_query0(Point P[], int n, Point q) {

60 if (n == 0) return;
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61 check_dist(P[n/2], q);

62 if (n == 1 || dist_sq_to_box(q, P[0],P[n-1])*sq(1+eps) > r_sq) return;

63 if (cmp_shuffle(&q, &P[n/2]) < 0) {

64 SSS_query0(P, n/2, q);

65 if (cmp_shuffle(&q2, &P[n/2]) > 0) SSS_query0(P+n/2+1, n-n/2-1, q);

66 }

67 else {

68 SSS_query0(P+n/2+1, n-n/2-1, q);

69 if (cmp_shuffle(&q1, &P[n/2]) < 0) SSS_query0(P, n/2, q);

70 }

71 }

72

73 Point SSS_query(Point P[], int n, Point q) {

74 r_sq = FLT_MAX;

75 SSS_query0(P, n, q);

76 return ans;

77 }

78

79 main(int argc, char *argv[]) {

80 int n, m, i, j;

81 Point *P, q;

82 eps = (argc == 2) ? atof(argv[1]) : 0;

83 cin >> n; cin >> m; cin >> d;

84 srand48(12121+n+m+d);

85 P = new Point[n]; q = new int[d];

86 for (i = 0; i < n; i++) {

87 P[i] = new int[d];

88 for (j = 0; j < d; j++) cin >> P[i][j];

89 }

90 SSS_preprocess(P, n);

91 for (i = 0; i < m; i++) {

92 for (j = 0; j < d; j++) cin >> q[j];

93 SSS_query(P, n, q);

94 cout << r << "\n";

95 }

96 for (i = 0; i < n; i++) delete P[i];

97 delete P; delete q;

98 }
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