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Abstract

We investigate the problem of drawing an arbitrary n-node binary tree orthogonally and

upwardly in an integer grid using straight-line edges. We show that one can simultaneously

achieve good area bounds while also allowing the aspect ratio to be chosen as being a constant

or even an arbitrary parameter. In addition, we show that one can also achieve an additional

desirable aesthetic criterion, which we call \subtree separation." Our drawings require O(n logn)

area, which is optimal to within a constant factor. An improvement for non-upward drawings

is brie
y mentioned.

Keywords: graph drawing, binary trees

1 Introduction

Binary trees are, of course, very common structures in many application areas, so obtaining good

drawings of binary trees is an important component in a wide variety of visualization tasks. Nev-

ertheless, there are a number of interesting issues regarding binary-tree drawings that are still

unresolved, including those related to drawings that optimize the easily-motivated aesthetic crite-

rion of using straight line segments to display edges while also optimizing the area and aspect ratio

of the drawing.

Optimizing the area of a drawing is important, because a drawing typically needs to be displayed

on a medium of limited area and resolution, such as a terminal window on a workstation screen.

Formally, we de�ne the area of a drawing to be the area of a smallest rectangle enclosing the

drawing. Of course, this assumes a reasonable rule for de�ning the resolution of a drawing, such as

that used in planar grid drawings, where all nodes are placed at integer grid points and edges are

�
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drawn as polygonal chains that bend only at integer grid points, without crossing. Additionally,

one may wish to restrict the drawing further to be an orthogonal drawing, which is a drawing

where the polygonal chains representing edges must be composed of only vertical and horizontal

segments. When drawn on a rastered device such as a laser printer or computer monitor, such

drawings avoid the aliasing e�ect caused by the \staircased" drawing of edges that are neither

vertical nor horizontal.

An optimization parameter that is perhaps equal in importance to area for a drawing, however,

is the aspect ratio of a drawing's enclosing rectangle, i.e., the ratio of the width to height of the

rectangle. A drawing that is, for example, tall and narrow would be diÆcult to display nicely on

a printed page or in a screen window even if the area is reasonably small (although it might �t

quite nicely on a cash-register tape). Ideally, the aspect ratio should be a parameter that could be

chosen from a large range of values, or, failing that, it should at least be allowed to be that of a

\well proportioned" rectangle (e.g., 1, 5=3, 8:5=11, or (1 +

p

5)=2).

Another aesthetic criterion that may be desirable in some applications is that a tree drawing be

upward. That is, that the tree be drawn so that no child is placed higher (in the y-direction) than

its parent. This criterion is desirable, for example, if the tree represents an inherently hierarchical

relationship, such as the organizational structure of a large business.

1.1 Previous related research

There has been a fair amount of research involving area and aspect ratio tradeo�s of tree drawings

(e.g., see the annotated bibliography of Di Battista et al. [5]). We summarize the previous bounds

for planar polyline grid drawings, for example, where edges are drawn as polygonal chains that

bend only at integer grid points, in Table 1.

Class Drawing Type Area Aspect Ratio(s) Source

degree-O(1) upward �(n) [1=n

1�"

; n

1�"

] [6]

rooted tree

binary tree upward orthogonal �(n log logn) log

2

n=n log logn [6]

degree-4 tree orthogonal �(n) 1 [8, 14]

degree-4 tree leaves-on-hull orthogonal �(n logn) 1 [1]

Table 1: Summary of some area/aspect ratio results for planar polyline grid drawings of trees. (We

use " to denote an arbitrarily small positive constant.)

Notice that each of the area bounds for polyline drawings are tight, to within constant factors,

even for upward orthogonal drawings. The related issues for straight-line drawings are not as

well-understood, however. We summarize relevant previous results for this class of drawings in

Table 2.

We are not aware, for example, of any non-trivial previous work on straight-line orthogonal grid

drawings of arbitrary binary trees. This seems to be a fairly serious omission, since straight-line

edges are easier for the eye to follow than polyline edges, and orthogonal drawings automatically

avoid small angles between edges, which can also cause confusion, and they also avoid aliasing edges

drawn on a rasterized device.
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Class Drawing Type Area Aspect Ratio(s) Source

rooted tree upward layered grid O(n

2

) 1 [9]

rooted tree upward grid O(n logn) logn=n or n= logn [3, 10]

rooted tree strictly upward grid �(n logn) logn=n [3]

complete or strictly upward grid �(n) 1 [3, 13]

Fibonacci tree

AVL tree strictly upward grid �(n) [log

2+"

n=n; n= log

2+"

n] [4]

balanced tree of upward grid O(n logn) n= logn [3, 10]

height O(logn)

Table 2: Summary of previous area/aspect ratio results for planar straight-line grid drawings.

1.2 Subtree separation

There is, in fact, an additional desirable aesthetic property for drawings of binary trees. We say

that a region R in the plane is rectilinearly convex if the intersection of R and any vertical or

horizontal line is connected. For any set S of integer grid points, de�ne the rectilinear convex hull

of S to be the smallest rectilinearly-convex region containing S. Let T [v] denote the subtree of a

tree T that is rooted at node v and contains all the descendents of v in T , i.e., T [v] is the subtree

of T induced by v. If, for any disjoint induced subtrees T [v] and T [w] in a binary tree T , the

rectilinear convex hulls of T [v] and T [w] are disjoint in a drawing D of T , then we say that D

achieves subtree separation. This property is desired for binary tree drawings, because it allows the

eye to quickly distinguish between di�erent parts of the tree. It also allows for multi-resolutional

renderings of a drawing D, so that, for example, if D has too many nodes to all simultaneously �t

in a screen window, then D can be rendered up to the resolution of the screen, with some induced

subtrees rendered as �lled-in rectilinearly-convex regions. Of course, it might not always be possible

to achieve subtree separation while also optimizing for other aesthetic criteria. For example, many

of the drawings produced by the algorithms of Garg et al. [6] do not achieve subtree separation.

But it is certainly desirable to achieve this property whenever possible.

1.3 Our results

In this paper we present a general approach, based upon a simple \recursive winding" paradigm,

for drawing arbitrary binary trees in small area with good aspect ratio, while satisfying the upward

straight-line orthogonal drawing criterion. Intuitively, our recursive winding paradigm draws a bi-

nary tree T by laying down a small chain of nodes from left to right until we are near a distinguished

node, v

k

, and then \winding" by recursively laying out T [v

0

] and T [v

00

] in the other direction, where

v

0

and v

00

denote the children of v

k

. We show that the area bound obtained by this approach is

optimal to within a constant factor. Speci�cally, we establish the following results:

� Every n-node binary tree has a planar upward orthogonal straight-line grid drawing D with

O(n logn) area for any aspect ratio in the range [logn=n; n= logn]. Moreover, D can be made

to achieve subtree separation, and it can be produced in O(n) time.

� There are n-node binary trees that require 
(n logn) area in any planar upward orthogonal

straight-line drawing that achieves an aspect ratio in the range [1=n

1�"

; n= logn], for any �xed

" > 0.
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T2
T1

0v

Figure 1: Drawing of a binary tree with O(logn) height and O(n) width.

We also comment on how the area bound can be improved if we drop the upward condition.

Interestingly, our recursive winding approach can be used to prove the existence of a (non-upward)

orthogonal straight-line drawing of T with O(n log logn) area. This particular result was inde-

pendently obtained by Shin et al. [11], who went on to achieve arbitrary aspect ratio for these

non-upward drawings. Their strategy is quite similar to ours but has a somewhat more compli-

cated description. (In fact, subsequent papers by Shin et al. [7, 12] have adopted our framework to

study related problems.)

Remark : The original proof of the O(n logn) area result in the extended abstract of this paper [2]

was 
awed, as pointed to us by T. Shermer (personal communication, July 2000). We have modi�ed

our upward algorithm in the present version to correct this error and, at the same time, extend the

range of aspect ratios from constant to arbitrary.

2 Upward Drawings with Arbitrary Aspect Ratios

In this section, we present our recursive winding paradigm and obtain an algorithm that can produce

upward straight-line orthogonal tree drawings of O(n logn) area with any feasible aspect ratio the

user desires:

Theorem 1: Given any binary tree T with n nodes and a parameter 2 � A � n, there is a planar

upward straight-line orthogonal grid drawing of T with O((n=A) logA) height and O(A logn= logA)

width. Such a drawing can be constructed in O(n) time, and it achieves subtree separation.

Proof: Without loss of generality, assume that each internal node has degree 2. Given an internal

node v, let left(v) and right(v) denote the left child and the right child of v respectively. Let T [v]

again denote the subtree of T rooted at v, and let N [v] be the number of leaves in T [v]. Arrange

the tree so that N [left(v)] � N [right(v)] at every node v. This preprocessing requires only linear

time. We �rst review the following lemma (all logarithms in this paper have base 2):

Lemma 2 [3, 10]: If T has n leaves, then there is a planar upward orthogonal straight-line grid

drawing of T with height at most blognc and width n�1. The root is placed at the upper left-hand

corner and the construction time is O(n).

Proof: The construction is recursive. If n = 1, the drawing is trivial. Suppose n > 1 and v

0

is the

root of T . Letting T

1

= T [left(v

0

)] and T

2

= T [right(v

0

)], we can draw T as shown in Figure 1,

where the subtrees T

1

and T

2

are drawn recursively. Since N [left(v

0

)] � N [right(v

0

)], an induction

argument shows that the height of the drawing is bounded by logn. 2

Next we analyze a recurrence relation.

4



v1

T1

v
2

T2

vk

T’ T’’

vk

vk-1

-2

k

k-1
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T
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Figure 2: The binary tree T .

Lemma 3: Suppose A > 1 and f is a function such that

� if n � A, then f(n) � 1; and

� if n > A, then f(n) � f(n

0

) + f(n

00

) + 1 for some n

0

; n

00

� n� A with n

0

+ n

00

� n.

Then f(n) < 4n=A� 1 for all n > A.

Proof: The proof is by induction. Suppose the lemma is true for n

0

and n

00

. If both n

0

; n

00

� A,

then f(n) � 3 < 4n=A � 1. If n

0

� A and n

00

> A, then

f(n) � f(n

00

) + 2 < 4n

00

=A + 1 � 4(n�A)=A+ 1 < 4n=A � 1:

Finally, if both n

0

; n

00

> A, then

f(n) � f(n

0

) + f(n

00

) + 1 < 4n

0

=A+ 4n

00

=A� 1 � 4n=A � 1:

2

Let 1 � B � A be a �xed parameter to be determined later. We now prove Theorem 1 by

a recursive algorithm. The drawing produced will obey the additional condition that the root is

placed B units to the right of the upper left-hand corner of an enclosing rectangle, and no nodes

come between the root and this upper left-hand corner. Let H(n), W (n), and T (n) denote the

height and width of the enclosing rectangle for the drawing of a tree with n leaves. If n � A, then

we use the scheme in Lemma 2 (and stretch the enclosing rectangle by B units to the left to satisfy

the above condition). This provides the base case:

H(n) � logA and W (n) � A+ B if n � A.

Suppose n > A. De�ne a sequence fv

i

g of nodes as follows: v

1

is the root and v

i+1

= right(v

i

)

for i = 1; 2 : : : Since N [v

1

]; N [v

2

]; : : : is a strictly decreasing sequence of integers, there is an

index k with N [v

k

] > n � A and N [v

k+1

] � n � A. Let T

i

= T [left(v

i

)] and n

i

= N [left(v

i

)] for

i = 1; : : : ; k � 1. Let T

0

= T [left(v

k

)], T

00

= T [right(v

k

)], n

0

= N [left(v

k

)], and n

00

= N [right(v

k

)].

(See Figure 2.) Note that n

0

� n

00

, since T is \right-heavy." The following properties then hold:

1. n

1

+ � � �+ n

k�1

= n�N [v

k

] < A,
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T1
T1

Tk -1

1
v
v

2

1
v

kv
-1

kv

kv

jv
+1

+2
vj

T2

T’

T’’

T’

T’’

jv
-1

v

Tj

Tj +1
Tj +2

T -1

Tj -1

j

k

(a) (b) kA/B< > A/B + 2

kv
-1

k + 2

Figure 3: Upward drawing of T with O((n=A) logA) height and O(A logn= logA) width.

2. maxfn

0

; n

00

g = N [v

k+1

] � n� A, and

3. n

0

� n=2.

Now, consider the planar upward orthogonal straight-line grid drawing of T in Figure 3(a) or

(b), depending on whether k � A=B+2 or k > A=B+2. As required, the root v

1

is placed B units

to the right of the upper left-hand corner (by stretching if necessary). The subtrees T

1

; : : : ; T

k�1

are all drawn according to Lemma 2, while the subtrees T

0

and T

00

are drawn recursively.

Case (a): k � A=B + 2. The drawing has the following height and width:

H(n) � H(n

0

) +H(n

00

) + logA+ k + 1

W (n) � maxfn

1

+ � � �+ n

k�1

+B; W (n

0

) +B + 1; W (n

00

)g:

Case (b): k > A=B + 2. Here, the drawings of T

j+1

; : : : ; T

k�1

, T

0

, and T

00

are all re
ected; for

example, the root of the subtree T

00

is now placed B units left of the right side of its enclosing

rectangle (this is the \recursive winding"). We choose an index j 2 fk � dA=Be; : : : ; k � 1g such

that n

j

� B (so that the right side of the overall enclosing rectangle is indeed determined by T

00

).

By property 1, such an index exists (otherwise, n

1

+ � � � + n

k�1

would exceed dA=BeB � A, a

contradiction). Therefore, the drawing can be made with the following height and width bounds:

H(n) � H(n

0

) +H(n

00

) + 2 logA+ k � j + 3

W (n) � maxfn

1

+ � � �+ n

j�1

+ 2B; n

j+1

+ � � �+ n

k�1

+ B; W (n

0

) +B + 1; W (n

00

)g:

In any case, by properties 1 and 3, we can write the recurrences as

H(n) � H(n

0

) +H(n

00

) + O(logA+A=B)

W (n) � maxfO(A+B); W (n=2) + O(B); W (n

00

)g:
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We can see that W (n) = O(B log n + A). By property 2 and an application of Lemma 3, we can

also conclude that H(n) = O((n=A)(logA+A=B)). Setting B = dA= logAe proves the theorem.

The construction time is clearly linear in the number of nodes (since we spend constant time

per node). Moreover, by induction, the drawing satis�es subtree separation. 2

3 A Lower Bound for Upward Drawings

In this section, we show that the area bound of the preceding algorithm is the best possible by

exhibiting binary trees that require 
(n logn) area for any planar upward straight-line orthogonal

drawing with good aspect ratio. Speci�cally, we prove the theorem below. (If the aspect ratio

exceeds 1=n

1�"

, then the width must be at least n

"=2

, and we can, for instance, set A = dn

"=4

e to

obtain an 
((1=")n logn) area bound.)

Theorem 4: Given any n and a parameter 2 � A � n, there exists a binary tree T with n nodes,

such that any planar straight-line orthogonal upward grid drawing D with width W � A logA has

height H = 
((n=W ) logA).

Proof: We begin with a simple lemma that gives a logarithmic lower bound on the height of the

drawing of a complete tree. Here, a rightward (resp. leftward) path refers to a path that is drawn

so that the x-coordinates of its nodes are non-decreasing (resp. non-increasing).

Lemma 5: If T is an n-node complete binary tree, then any planar upward straight-line orthogonal

grid drawing D of T contains both a rightward and a leftward root-to-leaf path of height at least

b(logn)=2c.

Proof: The proof is based upon an induction argument similar to that used by Crescenzi et al. [3]

for upward non-orthogonal grid drawings. Consider the two children v

1

and v

2

of the root v

0

. If

one of them, say v

1

, is placed directly below v

0

in D, then we can generate a rightward path from

v

1

recursively and append v

0

in front to increase the path height by one. On the other hand, if

both v

1

and v

2

are placed on the same level as v

0

, with v

1

to the right, then one of the children

of v

1

, say v

11

, must be placed directly below v

1

, and we can generate a rightward path from v

11

recursively and append v

0

and v

1

in front to increase the path height by one. By induction, this

implies the existence of a rightward path from the root of length b(logn)=2c. The other part of the

lemma is symmetric. 2

The proof of Theorem 4 is based upon a non-trivial adaptation of a \chain pinning" argument

of Garg et al. [6], originally used to establish an 
(n log logn) area bound on upward polyline

orthogonal drawings (here, we basically use a di�erent parameter, and by exploiting the straight-

line condition with the above lemma, we also simplify the proof somewhat). We choose the tree

T de�ned by a chain C of n=2 nodes v

1

; v

2

; : : : ; v

n=2

, where every node v

i

with i being a multiple

of A|called a joint|is attached a complete binary tree with A nodes (rooted at a child of the

joint).

In the drawing D of this tree T , the chain C is drawn as a sequence of horizontal segments

mixed with vertical drops. Call a joint a boundary joint if it is the leftmost or rightmost joint in its

row; otherwise, call it an interior joint . Clearly, there are O(H) boundary joints. We claim that

7



any rectangle R of height b(logA)=2c and width A�1 contains at most one interior joint; therefore,

the number of interior joints is O(HW=(A logA)). Since there are �(n=A) joints in total,

n

A

= O

�

H +

HW

A logA

�

= O

�

HW

A logA

�

;

and the theorem follows.

To prove the claim, suppose the rectangle R contains two interior joints v

i

and v

j

. Since R has

width A � 1, each row inside R has at most one joint. Now, in the drawing of C, the horizontal

segment S

i

through v

i

must completely cross R (otherwise, v

i

would be a boundary joint), and

similarly, the horizontal segment S

j

through v

j

must completely cross R. Without loss of generality,

say S

i

is above S

j

. Their distance is upper-bounded by the height of R, b(logA)=2c. By Lemma 5,

the subtree attached to v

i

has both a leftward and rightward path of height b(logA)=2c, so the

chain C (in particular, the segment S

j

) cannot reach the nodes at distance � b(logA)=2c directly

below v

i

: a contradiction. 2

4 Non-Upward Drawings

In the non-upward case, the area bound can actually be improved by our recursive winding paradigm

with a slightly simpler construction. In the following, ignoring the aspect ratio, we can, for example,

take A = dlogne and obtain a drawing with width O(logn) and height O((n= logn) log logn), and

hence, area O(n log log n).

Theorem 6: Given any binary tree T with n nodes and a parameter 2 � A � n, there is a planar

straight-line orthogonal grid drawing of T with O((n=A) logA) height and O(logn+A) width. Such

a drawing can be constructed in O(n) time, and it achieves subtree separation.

Proof: We use the same notation as in Section 2. This time, the drawing will satisfy the condition

that the root is placed on the left side of the enclosing rectangle, and no nodes come between the

root and the upper left-hand corner. The drawing of T is depicted in Figure 4(a), (b), or (c),

depending on whether k = 1, k = 2, or k > 2. The subtrees T

1

; : : : ; T

k�1

are drawn according

to Lemma 2, where in Case (c), the drawing of T

k�1

is rotated 180 degrees. As in the previous

construction, the subtrees T

0

and T

00

are drawn recursively, and in Case (c), they are re
ected, so

that their roots are placed on the right side of their respective rectangles.

This all implies that this (non-upward) planar straight-line orthogonal grid drawing can be

made with the following bounds on the height and width:

H(n) � H(n

0

) +H(n

00

) + 2 logA + 4

W (n) � maxfn

1

+ � � �+ n

k�1

; W (n

0

) + 1; W (n

00

)g:

By properties 1 and 3, we can rewrite the recurrences as

H(n) � H(n

0

) +H(n

00

) +O(logA)

W (n) � maxfA; W (n=2) + 1; W (n

00

)g:

It follows thatW (n) = O(logn+A), and again by property 2 and Lemma 3,H(n) = O((n=A) logA).

The construction time is linear and the drawing satis�es subtree separation. 2

8
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-1

-2Tk
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kv

T
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1

v

v

1

T’

T’’

T’

T’’

T’

T’’

Figure 4: Non-upward drawing of T with O((n=A) logA) height and O(logn+ A) width.

5 Conclusion

We have investigated several issues related to space-eÆcient planar straight-line orthogonal grid

drawings of arbitrary binary trees. In the case of upward drawings we have established a tight upper

and lower bounds of �(n logn) on the area needed, with arbitrary aspect ratios. A modi�cation

of the same idea in fact yields a non-upward drawing with area O(n log logn), as independently

proved by Shin et al. [11]. Some interesting problems that remain open include the following:

� Can one prove that there are binary trees requiring 
(n logn) area for any planar upward

straight-line orthogonal grid drawing regardless of the aspect ratio? (Currently, the best lower

bound is still the 
(n log logn) bound for upward polyline orthogonal drawings [6].)

� Are there binary trees that require 
(n log logn) area for any (non-upward) planar straight-

line orthogonal grid drawing?
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